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Combinatorial  and  algorithmic  analysis  of  space 
decomposition  problems 

Boris  AroDov 

Abstract 

The  first  part  of  the  thesis  studies  geodesic  Voronoi  diagrams.  The  closest-site 
(respectively,  furthest-site)  Voronoi  diagram  of  a  finite  set  of  sites  in  Euclidean  space 
is  a  classical  geometric  structure,  which  partitions  the  space  into  a  set  of  Voronoi 
cells,  each  associated  with  a  site,  so  that  any  point  in  the  cell  of  site  s  is  closer  to 
5  (resp.  further  from  5)  than  to  any  other  site.  The  structure  of  such  diagrams  for 
point  sites  in  the  plane  hcis  been  completely  characterized  and  well-known  efficient 
algorithms  exist  for  computing  them. 

Voronoi  diagrams  have  been  generalized  by  replacing  the  Euclidean  distance  by  a 
more  general  metric  and/or  relaxing  the  assumption  that  sites  be  single  points.  We 
consider  the  closest-  and  the  furthest-site  Voronoi  diagrams  for  a  set  of  k  point  sites 
in  a  simple  n-gon,  defined  by  the  internal  geodesic  distance  inside  the  polygon.  We 
demonstrate  that  the  planar  map  defined  by  either  diagram  is  comprised  of  0{n  + 
k)  features  of  bounded  complexity  each  and  describe  nearly  optimal  algorithms  for 
constructing  the  two  Voronoi  diagrams.  Namely,  the  closest-site  geodesic  Voronoi 
diagram  can  be  computed  in  time  0{{n-\-k)  log{n  +  k)  logn),  while  0{{n+k)log{n  +  k)) 
time  is  sufficient  for  the  furthest-site  diagram. 

The  second  part  of  the  thesis  analyzes  the  structure  of  an  arrangement  of  flat 
triangles  in  3-space.  The  combined  combinatorial  complexity  of  all  non-convex  cells 
(i.e.,  non-convex  components  of  the  complement  of  the  union  of  the  triangles),  max- 
imized over  all  arrangements  of  n  triangles  is  shown  to  be  roughly  0(n3 ),  improving 
the  best  previously  known  upper  bound  of  0{n'^~*9)  for  a  smaller  quantity — the  max- 
imum combinatorial  complexity  of  a  single  cell. 
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Our  result  has  applications  to  algorithmic  motion  planning,  stemming  from  the 
well-known  technique  that  transforms  a  polyhedral  body  translating  in  a  polyhedral 
environment  into  a  collection  of  convex  polygonal  plates  in  three-dimensional  space; 
the  set  of  placements  of  the  body  reachable  from  a  starting  configuration  along  a 
collision-free  path  corresponds  to  a  cell  in  the  arrangement  of  these  plates.  Thus 
analyzing  the  maximum  combinatorial  complexity  of  a  single  cell  and  obtaining  a 
comparably  efficient  algorithm  for  its  calculation  constitutes  a  satisfactory  solution 
to  the  translational  motion  planning  just  mentioned. 

To  this  end,  we  also  consider  the  problem  of  computing  a  single  cell  or  a  subset 
of  cells  in  a  three-dimensional  arrangement  of  triangles,  providing  a  nearly  worst- 
case  optimal  randomized  algorithm  for  solving  the  former  problem  and  a  less  efficient 
procedure  for  the  latter.  In  addition,  we  examine  a  few  special  classes  of  arrangements 
for  which  better  estimates  on  the  maximum  single-cell  complexity  can  be  deduced  and 
where  computing  a  cell  or  any  collection  of  cells  appears  easier. 


Vll 


Author's  Current  Address 


Department  of  Computer  Science 

Courant  Institute  of  Mathematical  Sciences 

New  York  University 

251  Mercer  Street,  New  York,  NY  10012  USA 

E-mail  Address:  aronov@acf4.nyu.edu 


vni 


Acknowledgments 

I  could  not  possibly  list  all  individuals  who  have  contributed  to  my  completion 
of  this  thesis.  At  the  risk  of  omission,  let  me  mention  a  few  to  whom  I  feel  most 
indebted. 

First  and  foremost,  I  wish  to  thank  my  thesis  advisor,  Micha  Sharir,  for  his  infinite 
patience  and  untiring  guidance  throughout  these  years.  He  taught  me  much  about 
research. 

I  also  wish  to  express  my  gratitude  to  Steven  Fortune  and  Gordon  Wilfong  for 
their  support  and  encouragement.  The  generosity  expressed  by  their  capacity  to  listen 
patiently  and  thoughtfully  to  my  ideas,  many  of  which  were  half-baked,  surpassed 
most  reasonable  expectations.  It  was  they  who  made  my  two  summers  at  AT(SiT  Bell 
Laboratories  a  valuable  learning  experience  which  grew  into  a  continuing  productive 
collaboration. 

I  am  grateful  to  Colm  O'Dvinlaing  who  introduced  me  to  the  subject  of  Com- 
putational Geometry  and  guided  me  through  my  first  research  efforts.  I  am  greatly 
indebted  to  Richard  Cole  for  his  valuable  advice  above  and  beyond  the  call  of  duty. 
I  am  also  indebted  to  Richard  Pollack  for  the  numerous  valuable  discussions  and  for 
his  guidance  and  support. 

The  "look"  of  this  thesis  has  been  much  influenced  by  Pankaj  K.  Agarwal,  Leo 
Joskowicz,  and  Ofer  Zajicek,  while  Steven  Fortune  contributed  a  great  deal  to  its 
"feel."  Support  and  encouragement  of  these  and  other  friends  and  colleagues  have 
helped  me  a  great  deal  through  these  years. 

Last,  but  not  least,  I  would  not  be  where  and  who  I  am  today,  were  it  not  for  mv 
parents,  Aron  and  Yulia  Aronov,  and  my  sister  Irina.  I  am  most  grateful  for  their 
help  and  encouragement. 

The  research  for  this  thesis  was  partially  supported  by  an  AT&T  Bell  Laboratories 
Ph.D.  Scholarship.  Part  of  the  work  was  performed  during  the  summer  of  1987, 
which  I  spent  at  AT&T  Bell  Laboratories  in  Murray  Hill,  New  Jersey.  The  analysis 


IX 


of  relative  convex  hulls  and  furthest-site  geodesic  Voronoi  diagrams  constitutes  joint 
work  with  Steven  Fortune  and  Gordon  Wilfong  of  Bell  Laboratories,  while  the  second 
part  of  the  thesis  is  a  collaboration  with  Micha  Sharir. 


Contents 


1     Introduction  1 

1  Geodesic  Geometry  in  a  Simple  Polygon  9 

2  Geometry  in  a  Simple  Polygon  11 

2.1  Preliminaries     13 

2.2  Geodesies 14 

2.3  Relatively  Convex  Sets 20 

2.4  Far  Sides ^ 31 

2.5  The  General  Position  Assumption 35 

2.6  Proximity  Considerations 38 

3  Closest-Site  Geodesic  Voronoi  Diagram  43 

3.1  Definitions 45 

3.2  Fine  Structure  of  the  Diagram 47 

3.3  The  Algorithm     50 

3.3.1  Extending  the  Diagram 51 

3.3.2  Merging  Two  Diagrams 64 

3.4  A  Special  Case     70 

4  Furthest-Site  Geodesic  Voronoi  Diagram  73 
4.1     More  Geometry 76 

xi 


Xll 


4.1.1  Voronoi  Cells 77 

4.1.2  The  Ordering  Lemma 79 

4.1.3  The  Refined  Voronoi  Diagram 84 

4.1.4  Directing  Edges  of  the  Refined  Voronoi  Diagram 86 

4.2  The  Algorithm     88 

4.2.1  The  Two-Fragment  Problem 90 

4.2.2  The  Recursion  Scheme 93 

4.2.3  Choosing  Splitting  Points  and  the  Base  Cases 95 

4.2.4  Complexity  Analysis 97 

4.2.5  Computing  V 99 

4.3  Open  Problems 101 

II     Entering  the  Third  Dimension  105 

5     Triangles  in  Space  107 

5.1  Introduction 107 

5.1.1  Terminology 107 

5.1.2  Motivation  and  Main  Results     110 

5.2  The  Complexity  of  All  Interesting  Cells 116 

5.2.1      The  Combination  Lemma 117 

5.3  The  Slicing  Theorem 128 

5.4  Special  Cases 133 

5.4.1  Triangles  with  Few  Orientations 135 

5.4.2  The  Horizontal- Vertical  Case     136 

5.5  Algorithms 139 

5.5.1  Calculating  a  Single  Cell 140 

5.5.2  Calculating  Many  Cells 145 

5.5.3  A  Deterministic  Algorithm  for  Arrangements  with  Few  Orien- 
tations    149 

5.6  Discussion  and  Open  Problems     150 


Xlll 


Appendices J52 

5. A    Topology  of  Arrangements  of  Triangles 152 

5.A.1     The  Genus  of  Cell  Boundaries 153 

5.A.2    Euler's  Relationship  for  Cell  Boundaries 158 

5.B    Other  Combination  Lemmas — An  Example 159 

Bibliography  163 

Index  171 


XIV 


List  of  Figures 


2.1  Shortest  path  tree 15 

2.2  Shortest  path  partition  of  a  polygon 16 

2.3  Illustration  to  basic  definitions  of  geodesic  geometry 17 

2.4  Geodesic  triangle 20 

2.5  Relative  convex  hull 22 

2.6  Geodesic  cones     26 

2.7  Illustration  to  the  proof  of  Lemma  2.3.4     27 

2.8  Putting  convex  hulls  together 34 

2.9  A  configuration  not  in  general  position 35 

2.10  Bisectors 39 

2.11  Bisector  is  a  continuous  curve 40 

3.1  Closest-site  geodesic  Voronoi  diagram 46 

3.2  Refined  closest-site  geodesic  Voronoi  diagram 48 

3.3  The  structure  of  V* 53 

3.4  Degenerate  refined  partition  segments 53 

3.5  Illustration  to  the  proof  of  Lemma  3.3.3     55 

3.6  Orienting  the  edges  of  V* 56 

3.7  Illustration  to  the  proof  of  Lemma  3.3.6     58 

3.8  Sweeping  a  triangle 60 

3.9  Voronoi  triangulation  for  three  sites 67 

3.10  Illustration  to  the  proof  of  Lemma  3.3.14 69 


XV 


XVI 


4.1  Furthest-site  Voronoi  diagram 77 

4.2  Illustration  to  the  proof  of  Lemma  4.1.7     80 

4.3  Illustration  to  the  proof  of  Lemma  4.1.10 83 

4.4  Refined  furthest-site  Voronoi  diagram 84 

4.5  Procedure  gfv 89 

4.6  Convex  hull  of  a  two-fragment  instance 91 

4.7  Recursive  procedure  rgfs 94 

4.8  Procedure  sweep 100 

5.1  A  three-dimensional  arrangement  of  triangles 108 

5.2  A  grid-like  arrangement Ill 

5.3  Illustration  to  the  proof  of  the  Combination  Lemma 120 

5.4  Illustration  to  the  proof  of  the  Slicing  Theorem     129 

5.5  "Slicing"  may  substantially  increeise  complexity 134 


Chapter  1 
Introduction 


The  Red  Queen  shook  her  head. 
"You  may  call  it  "nonsense"  if  you  like,"  she  said, 
"but  I've  heard  nonsense,  compared  with  which 
that  would  be  as  sensible  as  a  dictionary!" 

Lewis  Carroll,  Through  the  Looking  Glass 

Computational  geometry  is  the  study  of  algorithm  design  for  geometric  prob- 
lems. It  combines  computer  science  techniques  of  efficient  data  structure  design  with 
combinatorial  analysis  of  the  underlying  geometric  structure.  As  in  the  case  of  al- 
gorithms for  purely  combinatorial  problems,  these  two  themes  interact  and  provide 
a  rich  mathematical  structure.  This  thesis  is  concerned  with  "space  decomposition 
problems,"  which  is  a  general  concept  that  encompasses  a  broad  spectrum  of  geo- 
metric problems.  In  this  thesis  we  present  the  combinatorial  analysis  of  several  space 
decomposition  problems  and  apply  it  to  devise  efficient  algorithms  for  the  problems 
under  consideration. 

The  concept  of  a  "space  decomposition  problem"  covers  quite  a  few  geometric 
as  well  as  non-geometric  questions.  Probably  the  simplest,  albeit  somewhat  artifi- 
cial, example  of  such  a  problem  is  that  of  sorting  real  numbers — the  required  sorted 
order  partitions  the  real  line  into  segments  free  of  input  points.  A  much  better  ex- 
ample of  a  subject  that,  though  not  inherently  geometric,  is  often  viewed  as  a  space 
partitioning  problem,  is  that  of  object  classification.   Namely,  in  a  family  of  objects 
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under  consideration,  one  identifies  a  finite  collection  of  quantitative  parameters,  each 
presumably  measuring  a  different  aspect  of  an  object,  thus  establishing  a  map  from 
objects  to  be  classified  to  points  in  the  resulting  feature  space.  Now  the  problem 
of  clcLSsification  of  a  new  object  based  on  previously  seen  representatives  of  various 
classes  translates  into  constructing  a  partition  of  the  feature  space  consistent  with 
the  clcissification  of  given  representative  points  (for  an  overview  of  the  subject,  see, 
for  example  [Eve74]).  The  question  of  the  choice  of  the  feature  space  partitioning 
criterion  is  entirely  outside  the  scope  of  our  present  discussion;  however,  once  it  is 
made,  the  following  algorithmic  question  arises — one  would  like  to  compute  this  space 
decomposition  in  an  efficient  manner  that  also  facilitates  subsequent  queries  of  the 
form  "To  which  class  does  the  query  object  belong?"  (The  latter  question  is  an  in- 
stance of  the  all  too  familiar  point-location  problem.)  Finally,  let  us  mention  the 
post-office  problem[Knu73],  which  is  closely  related  to  one  of  the  questions  considered 
in  this  thesis:  "Given  a  set  of  post-offices  and  one's  current  location,  identify  the 
nearest  post-office."  The  set  of  post-offices  induces  a  natural  partition  of  the  plane 
into  "postal  zones",  each  containing  points  closest  to  a  particular  post  office — this 
is  precisely  the  Voronoi  diagram,  to  be  discussed  in  considerable  detail  below.  The 
answer  to  the  query  (again,  a  point  location  query)  is  then  obtained  by  identifying 
the  "postal  zone"  containing  one's  location. 

This  thesis  discusses  two  quite  different  variations  on  the  space  decomposition 
theme.  One  is  concerned  with  the  classical  geometric  notion  of  a  Voronoi  diagram 
in  the  somewhat  non-standard  context  of  the  internal  geodesic  metric  in  a  simple 
polygon,  while  the  other  deals  with  the  decomposition  of  three-dimensional  EucHdean 
space  induced  by  a  collection  of  intersecting  flat  triangles.  The  latter  problem  arises 
in  translational  motion  planning  with  three  degrees  of  freedom — the  connection  is 
sketched  below  and  discussed  in  more  detail  in  Chapter  5. 

Given  a  finite  set  of  point  sites  in  the  plane  or,  more  generally,  in  Euclidean  space 
of  any  dimension,  a  classical  geometric  structure  associated  with  them  is  that  of  the 
Voronoi  diagram  (also  known  as  the  Thiessen  tesselation  or  Dirichlet  complex).   It 


can  be  viewed  as  the  decomposition  of  the  space  into  (open)  Voronoi  cells,  one  cell 
per  site,  so  that  the  cell  of  site  5  consists  of  points  that  are  closer  to  s  than  to  any 
other  site.  The  Voronoi  diagram  proper  is  defined  as  the  complement  of  the  (open) 
Voronoi  cells,  i.e.,  the  collection  of  all  points  x  such  that  the  set  of  sites  closest  to 
X  consists  of  two  or  more  sites.  Alternatively,  the  Voronoi  structure  is  sometimes 
identified  with  the  partition  of  the  space  into  maximal  sets  with  the  property  that 
the  collection  of  sites  closest  to  a  point  in  such  a  set  is  independent  of  the  choice  of 
the  point. 

The  structure  of  Voronoi  diagrams  has  been  extensively  studied  in  the  past  (for 
a  comprehensive  list  of  references,  see  [Ede87,Aur88]).  In  fact,  Voronoi  cells  form  a 
decomposition  of  space  into  convex  polytopes;  the  cell  of  site  s  is  the  intersection 
of  the  half  spaces  H{s,t),  for  all  sites  t  ^  s,  where  H{s,t)  is  the  locus  of  points 
lying  closer  to  s  than  t.  The  Voronoi  diagram  proper,  being  the  complement  of  the 
union  of  Voronoi  cells,  is  easily  seen  io  be  a  d-complex  in  {d  +  l)-space.  Both  the 
geometric  structure  and  the  combinatorial  complexity  (which  in  this  case  refers  to  the 
total  number  of  faces  of  all  dimensions)  of  a  Voronoi  diagram  have  been  completely 
characterized  (see,  for  example,  [Ede87]).  In  fact,  the  geometric  structure  of  the 
diagram  in  R^  is  isomorphic  to  the  structure  of  the  (lower)  convex  hull  of  a  set 
of  points  in  R'^'^'-  lying  in  convex  position,  and  thus  its  worst-case  combinatorial 
complexity  is  Q{n^'^^'^^),  where  n  is  the  number  of  sites  (for  a  more  detailed  treatment 
of  this  subject,  see  [Ede87,  Chap.  13]).  In  particular,  the  issue  of  computing  the 
Voronoi  diagram  of  n  points  in  R'^  reduces  to  that  of  calculating  the  convex  hull  of 
n  points  in  il"^"^'  which,  via  duality,  is  equivalent  to  determining  the  lower  envelope 
of  n  hyperplanes  in  i?"^"*"'.  This  problem  can  be  solved  in  time  0(n  log  n)  for  d  <  2 
and  time  0{ti^^'^+^^/^^)  for  d  >  3,  which  is  optimal  ior  d  =  2  and  all  odd  d  [Ede87, 
Chap.  13].  The  question  of  computing  the  Voronoi  diagram  of  point  sites  in  the 
plane  has  been  extensively  studied,  producing  a  large  variety  of  worst-case  optimal 
algorithms  (for  instance,  [SH75,Bro79,For87]). 

It  is  interesting  to  observe  how  the  structure  and/or  complexity  of  the  Voronoi 


diagram  changes  when  one  replaces  its  classical  definition  described  above  by  some  less 
standard  generalization.  There  are  two  natural  directions  for  possible  generalization — 
one  could  vary  the  space  being  partitioned  (in  terms  of  modifying  its  metric  and/or 
underlying  set  of  points)  or  consider  a  different  class  of  sites  to  replace  points. 

While  the  structure  and  complexity  of  classical  Voronoi  diagrams  in  Euclidean 
spaces  of  arbitrary  dimension  are  well-understood,  either  of  the  above  generaliza- 
tions results  in  a  notion  of  Voronoi  diagram  whose  properties  even  in  the  simple 
two-dimensional  case  may  be  quite  different.  Replacing  the  Euclidean  metric  by  an 
arbitrary  Lp  metric  or,  in  fact,  by  an  arbitrary  convex  distance  function  (so-called 
Minkowski  distance)  has  been  explored  by  [CD85,For85,LS87b],  who  also  present  ef- 
ficient algorithms  for  computing  the  diagrams  thus  defined.  Moreover,  Aurenham- 
mer  [AurSS]  has  demonstrated  that  certain  topological  properties  of  Voronoi  dia- 
grams, facilitating  construction  of  efficient  algorithms  for  computing  them,  hold  even 
if  Minkowski  distance  is  replaced  by  a  distance  function  satisfying  an  even  weaker 
set  of  assumptions.  With  respect  to  any  of  these  distance  functions,  the  Voronoi 
diagram  partitions  the  plane  into  a  set  of  cells,  each  of  which  is  both  connected  and 
simply  connected  and  contains  its  owner  site.  Since  Voronoi  diagram  can  be  viewed 
as  a  planar  graph,  Euler's  formula  implies  that  the  number  of  its  vertices  and  edges 
(usually  referred  to  as  "Voronoi  vertices"  and  "Voronoi  edge")  is  linear  in  the  number 
of  cells,  which  in  turn  equals  the  number  of  sites.  Thus  the  complexity  of  the  diagram 
of  n  sites,  measured  as  the  number  of  Voronoi  cells,  edges,  and  vertices  is  linear  in  n. 
However,  in  the  case  of  an  arbitrary  convex  distance  measure,  a  Voronoi  edge,  being 
a  portion  of  the  bisector  between  two  sites  (which  is  the  set  of  points  equidistant 
from  the  two  sites),  need  not  be  an  object  of  bounded  complexity — for  example,  if 
the  distance  function  is  defined  by  a  convex  A;-gon,  the  bisector  is  a  piecewise-linear 
path  with  Q{k)  turns.  Thus  in  this  case  the  "fine-grain"  complexity  of  the  Voronoi 
diagram  is  bounded  by  0{kn)  [LS87b] — it  is  not  difficult  to  see  that  this  bound  is 
asymptotically  sharp  in  the  worst  case. 

A  Minkowski  distance  is  in  general  not  a  metric,  as  there  is  no  requirement  that 


it  be  symmetric.  Nevertheless,  it  does  satisfy  the  triangle  inequality,  which  is  one  of 
the  key  properties  that  controls  the  appearance  of  the  Voronoi  diagram.  There  exist 
generalizations  of  Voronoi  diagrams  which  replace  Euclidean  metric  with  functions 
that  do  not  obey  the  triangle  inequality.  Two  misleadingly  similar  examples  of  this 
type  of  a  distance  measure  involve  weighted  Euclidean  distances — namely,  each  site 
is  associated  with  a  weight,  and  points  in  the  plane  axe  classified  according  to  which 
site  hcis  least  weighted  distance  to  them.  There  are  two  versions  of  this  problem:  in 
the  first,  weights  are  additive  [Aur87,For87,Sha85],  while  in  the  second,  multiplicative 
[AE84].  Notably,  the  former  case  yields  a  linear-size  Voronoi  diagram  in  which  cells 
are  star-shaped  and  edges  are  portions  of  hyperbolas,  while  in  the  latter  case,  the  cells 
need  not  be  simply  connected  or,  for  that  matter,  connected,  edges  are  circular  arcs, 
and  the  diagram  has  quadratic  complexity  in  the  worst  case.  The  lesson  seems  to 
be  that  not  every  generalization  of  Voronoi  diagram  yields  a  well-behaved  linear-size 
structure. 

As  for  the  second  direction  of  generalization  of  Voronoi  diagrams,  the  notion  of 
a  "skeleton"  (also  known  as  the  "Blum's  medial  axis  transform")  of  a  polygon,  used 
in  graphics  to  describe  the  shape  of  a  figure  is  essentially  the  Voronoi  diagram  of 
the  segments  comprising  the  boundary  of  the  polygon  (for  further  references,  see 
[Aur88]).  Kirkpatrick  [Kir79]  analyzed  Voronoi  diagrams  for  line-segment  sites  and 
proved  that  the  complexity  of  the  diagram  in  this  case  is  still  linear  in  the  number  of 
sites.  Fortune  [For87]  and  Yap  [Yap87]  independently  developed  procedures  that  can 
be  used  for  computing  such  diagrams  efficiently.  (In  fact.  Yap's  algorithm  will  also 
handle  circulair  arcs.)  Moreover,  Leven  and  Sharir  [LS87b]  have  generalized  Yap's 
technique  to  work  for  arbitrary  Minkowski  distances. 

The  notion  of  Voronoi  diagram  discussed  in  the  preceding  paragraphs  is  more 
properly  known  as  the  closest-site  Voronoi  diagram.  The  complementary  notion  of 
a  furthest-site  Voronoi  diagram  of  a  set  of  sites  defines  the  (open)  Voronoi  cell  of 
s  to  consist  of  points  from  which  s  is  the  furthest  among  all  sites.  The  structure 
of  such  diagrams  for  point  sites  in  an  arbitrary  Euclidean  space  has  been  completely 


characterized — it  has  been  shown  to  correspond  to  the  structure  of  the  (upper)  convex 
hull  of  a  certain  set  of  points  in  convex  position  in  one  higher  dimension  [Bro79]. 
For  the  planar  case,  there  exists  a  wide  variety  of  provably  optimal  algorithms  for 
constructing  the  furthest-site  Voronoi  diagram  of  point  sites  (for  example,  [SH75, 
Bro79]). 

In  this  thesis,  in  view  of  much  recent  interest  in  the  geodesic  geometry  in  a  simple 
polygon  (such  as  [GHL*87,PSR,Sur86,Sur87,Tou86]),  we  consider  the  closest-  and 
the  furthest-site  geodesic  Voronoi  diagrams  for  a  set  of  k  point  sites  in  a  simple  n- 
gon;  in  other  words,  we  restrict  our  attention  to  a  simple  polygon  and  analyze  the 
structure  of  the  Voronoi  diagram,  where  the  distance  between  two  points  is  measured 
by  the  length  of  the  shortest  path  that  connects  them  while  remaining  in  the  polygon. 
We  demonstrate  that,  in  a  very  strong  sense,  both  diagrams  have  linear  complexity; 
namely,  the  planar  map  defined  by  either  diagram  is  comprised  of  0{n  +  k)  features 
of  bounded  complexity  each.  Furthermore,  we  describe  nearly  optimal  algorithms  for 
constructing  the  two  Voronoi  diagrams.  The  closest-site  diagram  can  be  computed  in 
time  0{{n+k)  \og{n+k)  log  n),  while  for  the  furthest-site  diagram  0{{n-\-k)  \og{n  +  k)) 
time  is  sufficient.  In  Chapter  2  we  present  a  thorough  study  of  the  geometry  of 
geodesic  distance  inside  a  simple  polygon.  Algorithms  for  computing  the  closest- 
site  and  furthest-site  geodesic  Voronoi  diagrams  are  described  in  Chapters  3  and 
4,  respectively.  It  appecirs  that  the  algorithms,  though  bearing  some  resemblance 
to  their  Euclidean-metric  counterparts,  are  far  from  being  an  easy  extension  of  the 
clcLSsical  case.  A  possible  explanation  lies  in  the  fact  that  the  geodesic  metric  inside  a 
simple  polygon  gives  rise  to  a  significantly  richer  variety  of  degenerate  situations,  as 
compared  to  the  Euclidean  plane.  As  a  result,  the  number  of  special  cases  that  have 
to  be  considered  is  quite  substantial  and  arguments  require  a  great  deal  of  technical 
machinery  to  avoid  enumerating  all  possible  degeneracies.  We  would  also  like  to 
point  out  that  the  two  Voronoi  diagram  algorithms  presented  in  Chapters  3  and 
4  are  the  culmination  of  other  closest/furthest  problems  in  a  simple  polygon  (such 
as  the  geodesic  furthest-neighbors  problem  considered  in  [Sur87]).    In  addition,  we 


consider  the  detailed  technical  analysis  of  geodesic  geometry,  contained  in  Chapter  2 
(especially  the  discussion  of  the  notion  of  a  relative  convex  hull  in  Section  2.3)  one  of 
the  main  contributions  of  our  work. 

In  the  second  part  of  the  thesis  we  analyze  the  structure  of  a  three-dimensional 
arrangement  of  convex  plates,  which  is  the  natural  subdivision  of  the  space  induced 
by  a  set  of  intersecting  convex  two-dimensional  objects,  such  as  triangles.  The  ob- 
jective is  to  estimate  the  combinatorial  complexity  of  a  single  cell  (i.e.,  a  connected 
component  of  the  complement  of  the  union  of  the  triangles),  maximized  over  all  ar- 
rangements of  n  triangles.  Since  the  total  complexity  of  the  entire  arrangement  is 
0(n^)  in  the  worst  case,  the  goal  is  to  establish  subcubic  bounds  for  a  single  cell.  The 
best  previously  known  upper  bound  of  0{n^~*^)  on  this  quantity  was  obtained  by  a 
rather  non-trivial  application  of  the  theory  of  extremal  hypergraphs  [PS87].  We  pro- 
duce a  nearly  asymptotically  sharp  bound  of  roughly  n  3  for  a  larger  quantity,  namely 
the  maximum  total  complexity  of  all  non-convex  cells  in  such  an  arrangement.  Our 
results  can  be  viewed  as  the  three-dimensional  version  of  the  corresponding  result  in 
the  plane,  where  the  worst-case  complexity  of  all  non-convex  faces  of  an  arrangement 
of  n  segments  has  been  shown  to  lie  within  a  logarithmic  factor  of  n^^^  [EW86,AEGS]. 

Besides  the  applications  mentioned  below,  our  result  is  significant  in  itself,  as  it 
provides  an  affirmative  solution  for  a  special  case  of  a  more  general  conjecture,  stating 
that  the  combinatorial  complexity  of  a  single  component  (cell)  in  an  arrangement  of 
n  algebraic  surfaces  (or  surface  patches)  of  bounded  degree  in  R^  is  always  o{n'^)  (by 
Milnor's  Theorem  [Mil64],  the  complexity  of  the  entire  arrangement  is  0(71"^)  in  the 
worst  case).  The  general  form  of  this  conjecture,  even  in  three  dimensions,  appears 
to  be  very  difficult.  It  is  not  even  known  whether  the  lower  envelope  of  such  surfaces 
has  subcubic  complexity  in  general.  Our  results  (and  the  weaker  results  of  [PS87]) 
are  the  only  known  subcubic  bounds  on  cell  complexity  (apart  from  the  trivial  bound 
for  arrangements  of  planes).  See  Chapter  5  for  more  background  information. 

A  generalization  of  our  result  for  triangles  to  arbitrary  convex  plates  is  discussed 
along  with  some  applications  to  algorithmic  motion  planning.    These  applications 
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stem  from  the  well-known  approach  to  motion  planning  in  which  the  obstacles  are 
expanded  by  the  object  5,  whose  motion  is  to  be  planned,  by  taking  appropriate 
Minkowski  (vector)  sums  of  the  boundary  elements  of  the  obstacles  and  those  of  B 
[LW79].  In  three  dimensions,  in  the  case  where  both  B  and  the  environment  are 
polyhedral  and  only  translations  are  allowed,  these  Minkowski  sums  constitute  a  col- 
lection of  convex  plates  in  three-dimensional  space;  the  set  of  possible  configurations 
of  the  system  reachable  from  a  starting  configuration  along  a  collision-free  path  cor- 
responds to  a  cell  in  the  arrangement  of  these  plates.  Thus  a  sharp  bound  on  the 
maximum  combinatorial  complexity  of  a  single  cell  provides  insight  into  the  compu- 
tational complexity  of  the  motion  planning  problem  and,  in  some  cases,  is  the  single 
most  important  quantity  controlling  the  performance  of  a  motion  planning  algorithm. 
We  also  devote  some  attention  to  the  problem  of  computing  a  single  cell  or  a 
subset  of  cells  in  a  three-dimensional  arrangement  of  convex  plates.  A  worst-case 
nearly  optimal  randomized  algorithm  for  computing  a  single  cell  is  described  along 
with  a  less  efficient  procedure  that  constructs  an  arbitrary  collection  of  cells.  The 
justification  of  the  single-cell  algorithm  relies  on  the  so-called  "Slicing  Theorem"  that 
states  roughly  that  there  exists  a  subdivision  of  a  cell  (or  any  collection  of  cells)  in  an 
arrangement  of  triangles  into  tetrahedra  so  that  the  number  of  resulting  tetrahedra  is 
not  much  larger  than  the  combinatorial  complexity  of  the  cell(s)  being  triangulated. 
Finally,  we  examine  a  few  special  clcisses  of  arrangements  for  which  better  estimates 
on  the  maximum  single-cell  complexity  can  be  deduced  and  where  computing  a  cell 
or  any  collection  of  cells  appears  easier. 


Part  I 

Geodesic  Geometry  in  a  Simple 

Polygon 


Chapter  2 

Geometry  in  a  Simple  Polygon 


The  analysis  of  geodesic  Voronoi  diagrams,  which  is  the  subject  of  the  following  two 
Chapters,  relies  heavily  on  some  elementary  properties  of  the  internal  geodesic  metric, 
a^  formulated  and  proven  below.  In  this  metric,  the  distance  between  two  points  in 
a  polygon  is  measured  as  the  length  of  the  shortest  path  that  connects  them  and  is 
contained  in  the  polygon. 

When  working  with  a  metric  other  than  the  familiar  Euclidean  distance,  one  im- 
mediately wonders  about  possible  equivalents  of  traditional  notions,  such  as  a  straight 
line  and  a  line  segment,  an  angle  and  a  triangle,  a  convex  object  and  a  set  of  points 
in  a  convex  position.  Below  we  propose  a  way  of  defining  these  notions  in  a  manner 
reminiscent  of  that  in  the  standard  Euclidean  metric  with  the  intention  of  "inher- 
iting" most  of  the  familiar  Euclidean  properties.  However,  one  ha^  to  refrain  from 
jumping  to  conclusions  based  on  superficial  similarity  of  these  definitions  and  their 
intended  equivalents  in  standard  geometry.  For  example,  it  is  natural  to  define  a  'line 
segment"  from  point  x  to  point  y  as  the  shortest  path  connecting  the  two  points  and 
contained  in  our  simple  polygon  (such  a  path  is  called  a  geodesic).  The  geodesic  is 
indeed  unique  ajid  has  several  other  line-segment-like  properties.  However,  the  no- 
tion of  "the  line  containing  two  given  points"  is  more  problematic,  as  there  may  in 
fact  be  infinitely  many  different  maximal  geodesies  containing  the  two  points,  forcing 
us  to  either  abandon  the  notion  of  a  "line"  or  choose  some  canonical  representative 

11 


12 


geodesic  passing  through  any  pair  of  points.  As  in  the  latter  ca^e  the  choice  is  some- 
what arbitrary,  statements  about  such  "lines"  may  have  somewhat  artificial  form  that 
critically  depends  on  the  precise  definition  of  such  a  canonical  geodesic.  Unpleasant 
surprises  of  this  sort  have  forced  us  to  adopt  a  rather  rigorous  formal  approach  to 
the  analysis  of  the  geometry  in  a  simple  polygon,  which  the  reader  may  find  overly 
technical  cind  pedantic.  In  fact,  our  experience  with  the  geodesic  metric  seems  to 
indicate  that,  apart  from  very  elementary  facts,  theorems  in  the  geodesic  universe  are 
exceptionally  sensitive  to  the  exact  wording  of  their  statements  and  that  the  precise 
phrasing  of  practically  all  definitions  is  unusually  critical  for  the  development  of  the 
results  depending  on  them.  Intuitively,  the  reason  behind  it  is  quite  simple-geodesic 
metric  admits  a  much  larger  variety  of  degeneracies  than  we  are  accustomed  to  in  the 
Euclidecin  world  and  it  appears  that  the  only  way  to  avoid  those  is  to  qualify  the- 
orem statements  with  additional  seemingly  unnecessary  technical  conditions.  Two 
vivid  examples  of  this  phenomenon  are  the  statements  of  Lemmas  2.2.3  and  2.2.4.  In 
fact,  one  type  of  degeneracy  will  threaten  our  analysis  so  much  that  we  will  have  to 
assume  it  away  completely  (we  refer  to  this  as  the  general  position  assumption,  cf. 
Section  2.5). 

This  Chapter  is  devoted  in  its  entirety  to  elementary  facts  of  geodesic  geome- 
try. We  begin  with  the  definitions  of  geodesies  and  boundary  geodesies,  the  latter 
roughly  corresponding  to  infinite  lines  in  the  Euclidean  geometry,  though  the  analogy 
is  somewhat  misleading.  The  definitions  of  a  geodesic  metric  and  geodesic  direction 
are  followed  by  a  discussion  of  some  properties  of  the  "shortest-path"  map  assigning 
to  each  point  of  the  universe  its  distance  from  a  fixed  origin.  We  then  proceed  to 
define  relative  convexity  and  attempt  to  identify  a  "good"  canonical  extension  for  a 
geodesic  (the  sense  in  which  we  are  not  completely  successful  will  become  clear  later, 
after  we  explore  some  properties  of  these  extensions).  Next,  we  present  a  rather 
detailed  treatment  of  relatively  convex  sets  (Section  2.3),  formalizing  in  the  process 
the  notion  of  a  counterclockwise  ordering  of  points  on  the  boundary  of  such  a  set. 
We  then  proceed  to  define  the  "far  side"  of  a  relatively  convex  set  H  from  a  fixed 
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point  x-intuitively,  it  consists  of  the  points  of  H  thiat  are  hidden  from  x  by  H  itself 
(Section  2.4).  This  notion  is  a  useful  tool  for  building  relative  convex  hulls  of  larger 
sets  from  those  of  their  components.  Finally,  we  devote  Section  2.5  to  the  general 
position  assumption  and  its  immediate  consequences.  The  Chapter  concludes  with 
the  definition  of  a  bisector  and  a  discussion  of  its  properties  in  Section  2.6. 

2.1      Preliminaries 

The  universe  U  is  &  compact  region  in  the  plane  whose  boundary  dU  is  a  simple 
n-sided  polygon.  5,  the  set  of  sites,  is  a  collection  of  k  points  in  U.  A  vertex  of  dU 
is  called  a  comer  and  a  segment  of  dU  is  a  wall.  A  corner  is  reflex  if  the  measure  of 
its  interior  angle  is  more  than  tt  and  convex  if  it  is  less  than  tt.  The  counterclockwise 
order  of  points  on  dU  is  given  by  the  traversal  of  dU  that  keeps  the  interior  of  U 
(locally)  to  its  left.  If  x  and  y  are  distinct  points  of  dU,  then  boundary  fragment 
dU[x,y]  is  the  portion  of  dU  counterclockwise  from  x  to  y  inclusive.  The  symbol  d 
denotes  the  boundary  (i.e.,  closure  less  interior)  of  a  set  relative  to  the  whole  plane, 
rather  than  to  any  proper  subset  of  the  plane.  The  terms  "relative  boundary"  and 
"relative  interior"  used  without  any  other  qualification  mean'  "relative  to  C/." 

A  polygonal  path  is  a  simple  path  comprised  of  a  sequence  of  hne  segments.  If  a 
is  a  polygonal  path,  then  a  link  of  cr  is  a  maximal  segment  of  a  not  containing  any 
corners  in  its  interior,  the  size  of  a,  denoted  ||<7||,  is  the  number  of  its  links,  and  the 
length  of  a  is  the  sum  of  their  (Euclidean)  lengths.  A  polygonal  region  is  a  compact, 
not  necessarily  connected,  set  whose  boundary  is  the  union  of  a  finite  number  of  line 
segments.  We  allow  points  as  (degenerate)  line  segments,  so  for  example  a  finite  set 
of  points  is  also  a  polygonal  region. 
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2.2      Geodesies 

For  points  x,y  E  if,  the  geodesic  path  g{x,y)  is  the  shortest  path  in  U  connecting  x 
and  y.  Such  a  shortest  path  is  called  simply  a  geodesic.  This  path  is  unique.  In  fact, 
it  is  a  polygonal  path  with  interior  vertices  only  at  reflex  corners  of  dU  [LP84].  We 
often  consider  g{x,y)  directed  from  x  to  y.  Clearly  an  endpoint  of  a  link  of  g{x,y)  is 
either  i,  y,  or  a  corner.  The  first  endpoint  of  the  last  link  of  g{x,y)  is  the  anchor  of 
y  with  respect  to  x;  it  is  either  a  reflex  corner  of  dU  or  x  itself. 

We  make  heavy  use  of  the  fact  that  the  intersection  of  any  two  geodesies  is  con- 
nected (and  is  itself  a  geodesic).  This  fact  follows  immediately  from  uniqueness  of 
geodesies.  Two  polygonal  paths  overlap  if  they  intersect  in  more  than  a  single  point. 

The  geodesic  distance  d{x,y)  between  points  x  and  y  is  the  (Euclidean)  length 
of  g{x,y).  The  geodesic  distance  is  a  metric;  in  particular,  it  is  continuous  in  both 
X  and  y  with  respect  to  the  Euclidean  metric  and  satisfies  the  triangle  inequality 
d{x,z)  <  d{x,y)  +  d{y,z).  Furthermore,  by  uniqueness  of  geodesies,  d{x ,  y)  +  d{y ,  z)  = 
d{x,z)  if  and  only  if  y  lies  on  g{x,z).  We  often  write  d^  for  the  function  defined  by 
(fu(x)  =  d{u,x). 

Lemma  2.2.1  (Pollack,  Sharir,  and  Rote  [PSR,  Lemma  1])  Foranyu,v,w  G 
U,  du  IS  a  convex  function  on  g{v,w)  with  unique  local  minimum  (possibly  at  v  or 
w).  In  particular,  for  any  z  G  g[v,w),  z  ^  v,w,  one  has  du{z)  <  Tna,x{du{v) ,  du{w)] . 

The  geodesic  direction  9{x,y)  from  x  to  y  7^  x  is  the  direction  from  x  towards 
the  anchor  of  x  with  respect  to  y.  In  other  words,  it  is  a  unit  vector  based  at  x 
and  directed  along  the  first  link  of  g{x,y).  At  any  point  x  not  an  anchor  (of  some 
other  point)  with  respect  to  y,  dy  is  difFerentiable  as  a  function  of  x  and  9{x,y)  is 
continuous  as  a  function  of  both  x  and  y.  In  fad,  for  fixed  y,  0{x,y)  =  —  Vi(iy(x), 
the  gradient  of  dy  with  respect  to  x,  evaluated  at  x.  For  H  a  closed  subset  of  U,  let 
9{x,H)he{6{x,h)\he  H,h^x}. 

The  geodesic  angle  Lxyz  is  the  angle  counterclockwise  from  6[y,  x)  to  6[y,  z).  The 
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Figure  2.1:  Shortest  path  tree  T{s)  from  s. 

measure  of  Ixyz  will  be  written  mlxyz.  The  angle  between  6{y,x)  and  0{y,z)  is  the 
smaller  of  the  two  angles  /.xyz  and  Izyx. 

Lemma  2.2.2  (Pollack,  Sharir,  and  Rote  [PSR,  Corollary  2])  If  x,y,z  G  U, 
y  ^  x,z,  and  the  measure  of  the  angle  between  6{y,x)  andO{y,z)  is  at  least  tt/2,  then 
d{x,z)  >  maix{d{x,y),d{y,z)}. 

The  shortest  path  tree  from  s,  T{s),  is  the  union  of  the  sets  of  links  of  g{s,y)  taken 
over  all  corners  y  of  dU  (Figure  2.1).  It  has  n  —  1  or  n  links,  depending  on  whether 
or  not  s  itself  is  a  corner  of  U  [GHL*87]. 

Let  Pa{s)  be  the  set  of  points  in  U  that  have  anchor  a  with  respect  to  s.  The 
shortest  path  partition  of  U  from  s  is  the  collection  {Pa{s)  \  Pa{s)  7^  0}  (refer  to 
Figure  2.2).  It  is  a  planar  polygonal  subdivision  of  U;  it  can  be  computed  and  in 
fact  triangulated  in  linear  time  given  a  triangulation  of  U  [GHL*87].  We  can  describe 
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Figure  2.2:  Shortest  path  partition  of  U  from  s. 


the  bounding  edges  of  the  shortest  path  partition  as  follows.  Suppose  Pa{s)  is  not 
empty,  where  a  ^  s.  Let  ab  be  the  first  link  of  the  geodesic  g{a,  s)  (clearly  ab  is  the 
second  link  of  all  geodesies  g{x,s)  for  x  G  Pa{s)).  Since  Pa{s)  is  not  empty  and  a 
is  a  reflex  corner  of  dU,  we  can  extend  link  ab  past  a  into  U.  First  suppose  that 
neither  wall  of  dU  incident  to  a  overlaps  this  extension.  Let  y  be  the  first  point  past 
a  of  the  extension  so  that  y  G  dU.  Then  segment  ay  is  the  shortest-path  partition 
edge  (from  s  with  anchor  a),  denoted  Pa{s).  Now  suppose  some  wall  of  dU  incident 
to  a  overlaps  the  extension  of  segment  ab;  then  we  simply  define  Pa{s)  to  be  this 
wall.  It  can  be  checked  that  the  boundary  of  a  cell  of  the  shortest  path  partition 
consists  of  an  alternating  sequence  of  shortest  path  partition  edges  and  sections  of 
dU.  A  convenient  triangulation  of  the  shortest  path  partition  is  obtained  by  further 
subdividing  U  along  the  links  of  T{s)  [GHL*87]. 

A  set  A  C  17  is  relatively  convex  (with  respect  to  U)  if  g{x,y)  C  A  whenever 
x,y   6   A;   the  relative  convex  hull  of  set  F   C   U,  denoted  R{F),  is  the  smallest 
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Figure  2.3:  Geodesic  g{x,y),  its  shadow  y  and  foreshadow  x*  (they  are  unique  in  this 
case),  the  corresponding  boundary  geodesic  g{x,y)  =  g{x',y),  and  geodesic  direction 
0{x,y).  f7[t/,ar]  is  shaded. 


relatively  convex  set  containing  F  (that  is,  the  intersection  of  all  relatively  convex 
sets  containing  F)  [Tou86].  Notice  that,  by  uniqueness  of  geodesies,  the  intersection 
of  two  relatively  convex  sets  is  relatively  convex.  Relatively  convex  sets  are  discussed 
in  detail  in  the  next  Section.  A  set  is  degenerate  if  it  is  contained  in  a  single  geodesic. 
If  x  and  y  are  distinct  points  of  U,  then  a  shadow  of  g{x,y)  is  a  point  y  G  dU 
so  that  segment  yy  extends  the  last  link  of  g{x,  y)  while  staying  in  U .  Clearly  y  is  a 
shadow  of  g{x,y)  only  if  y  6  dU.  Shadows  are  not  unique,  indeed  it  is  possible  that 
every  point  on  a  subsegment  of  a  wall  is  a  shadow  of  g{x,  y).  Similarly,  a  foreshadow 
of  9{^^  y)  is  a  shadow  of  g{y,  x),  i.e.,  a  point  x*  G  dU  lying  on  a  segment  contained  in 
U  extending  the  first  link  of  g{x,  y)  backwards.  For  an  illustration  of  these  definitions, 
see  Figure  2.3. 

A  boundary  geodesic  is  a  geodesic  connecting  two  distinct  points  of  dU.  Let  x*  and 
y  be  the  foreshadow  closest  to  x  and  shadow  closest  to  y  of  g{x,y),  respectively.  Then 
g{x,y)  denotes  the  boundary  geodesic  g{x',y).  Notice  that  g{x,y)  coincides  with 
g{x,  y)  if  and  only  if  both  x  and  y  lie  on  dU .  Geodesic  ^(x,  y)  splits  U  into  two  simply 
connected  polygonal  regions  U[x,y]  and  U[y,x]  with  disjoint  interiors;  d{U[x,y\)  is 


18 

dU[x',y]  U  g{y,x')  and  d{U[y,x])  is  p(x-,y)  U  dU[y,x'].  (Note  that  d{U[x,y])  is 
distinct  from  dU[x,y].)  U[y,x]  is  shaded  in  Figure  2.3.  Intuitively,  U[x,y]  contains 
points  lying  on  or  to  the  right  of  p(x*,  y),  while  points  on  the  geodesic  or  to  the  left  of  it 
constitute  U[y,  x].  Notice  that  g{x,  y)  is  exactly  the  common  boundary  of  U[x,  y]  and 
U[y,  x];  hence  any  geodesic  from  a  point  in  U[x,  y]  to  a  point  in  U[y,  x]  must  intersect 
g{x,y).  Both  U[x,  y]  and  U[y,  x]  are  relatively  convex,  since  a  geodesic  connecting  two 
points  of,  say,  t/[x,j/]  must  have  connected  intersection  with  g{x,y).  The  following 
two  Lemmas  are  technical  results  extensively  used  in  subsequent  analysis.  The  reader 
is  encouraged  to  consider  the  statements  in  Euclidean  geometry  that  are  mimicked 
below. 

Lemma  2.2.3  Suppose  u,v  £  dU ,  u  ^  v,  w  ^  g{u,v),  x  E  U[u,v],  and  w  ^  x. 

(1)  If  x  ^  g{u,v),  then  any  shadow  x  ofg{w,x)  lies  in  dU[u,v]. 

(2)  If  X  £  g{u,v),  then  some  shadow  x  of  g{w,x)  lies  in  dU[u,v]. 

Proof:  (1)  Suppose  x  ^  g(u,v).  Then  g[w,x)  cannot  intersect  g{u,v)  again  after  x, 
so  X  G  dU[u,v]. 

(2)  Suppose  X  €  g{u,v);  without  loss  of  generality  assume  w,  x,  v  are  in  that  order 
along  g{u,  v).  We  can  choose  x  =  v  unless  g{u,  v)  bends  at  or  after  x.  If  g{u,  v)  bends 
right  at  some  point  c  at  or  after  x,  then  since  U[u,  v]  lies  locally  to  the  right  of  g{u,  v), 
c  must  be  a  reflex  corner  of  dU[u,  v],  and  we  can  choose  x  =  c.  If  g{u,  v)  bends  left 
at  some  point  c  then  the  straight-line  continuation  of  g{w,  c)  at  c  enters  the  interior 
of  C/[u,u]  and  thus  will  not  intersect  g{u,v)  again.  Hence  we  can  choose  x  to  be  any 
shadow  of  g{w,  c)  distinct  from  c.  □ 

Lemma  2.2.4  Suppose  u,v  E  dU,  u  ^  v,  w  E  g{u,v),  x  E  U[u,v],  w  ^  x,  and  w 
the  closest  shadow  ofg{x,w). 

(1)  If  w  ^  dU  and  g{x,w)  does  not  overlap  g{u,v),  then  w  G  dU[v,u]. 


19 

(2)  If  V  is  the  closest  shadow  of  g{u,w)  and  g{u,w)  is  not  an  initial  portion  of 
g{u,x)  (i.e.  w  ^  g{u,x)),  then  w  ^  dU[v,u]. 

Proof:  (1)  If  g{x,w)  does  not  overlap  g{u,v),  then  6{w,x)  cannot  be  9{w,u)  or 
0{w,v).  Since  w  0  dU,  w  ^  w  and  6{w,w)  —  —9{w,x)  must  enter  the  interior  of 
C/[u,ti]  at  w.  As  g{x,w)  cannot  intersect  g{u,v)  again,  w  G  dU[v,u\. 

(2)  The  statement  is  trivial  if  w  £  dU .  If  not,  then  w  ^  w.  We  might  have  6{w,x)  = 
6{w,u),  in  which  case  w  =  v.  We  cannot  have  9{w,x)  =  —9{w,u),  else  w  E  g{u,x). 
Otherwise  9{w,w)  must  enter  the  interior  of  U[v,u]  and  a^  before  w  G  dU[v,u].       □ 

Boundary  geodesic  g{x,  y)  separates  points  a  and  6  if  a  G  U[x,  y]  and  b  G  U[y,  x],  or 
vice  versa.  Similarly,  boundary  geodesic  gix.y)  separates  sets  A  arid  B  \i  A  C  U[x,  y] 
and  B  C  U[y,x],  or  vice  versa.  Note  that  separation  does  not  imply  disjointness, 
indeed  if  (degenerate)  set  A  is  contained  in  boundary  geodesic  g{x,y),  then  g{x,y) 
separates  A  from  itself. 

For  a  compact  set  F  C  U  and  z  E  U,  let  rad{z,  F)  =  sup^^pd2{x).  The  (geodesic) 
center  of  F  is  the  point  z  that  minimizes  rad{z,F).  Pollack,  Sharir,  and  Rote[PSR] 
show  that  the  center  of  the  set  of  vertices  of  U  (or,  as  a  matter  of  fact,  of  all  of  L'^)  is 
unique.  In  fact,  with  minor  modifications,  their  proof  demonstrates  the  uniqueness 
of  the  center  of  any  compact  set  F  C.  U. 

For  points  x,y,z  G  U  we  define  the  geodesic  triangle  Axyz  as  follows  [PSR]. 
If  {x,y,z]  is  degenerate,  then  Axyz  is  the  smallest  geodesic  containing  x,  y,  and 
z.  Otherwise  we  can  choose  points  x',  y',  and  z'  so  that  x'  is  the  point  at  which 
g{x,y)  and  g{x,z)  diverge,  and  similarly  for  y'  and  z'.  Refer  to  Figure  2.4.  Then  the 
circuit  g{x',y'),  g{y',z'),  g{z',x')  is  a  simple  (non  self-touching)  polygon  Ax'y'z'.  We 
define  Axyz  to  be  the  union  of  ^(x,  x'),  g{y,  y'),  g{z,  z'),  and  Ax'y'z'  together  with  its 
interior.  All  of  the  interior  angles  of  Ax'y'z'  are  reflex  except  at  x',  y',  z'  [PSR].  The 
geodesic  triangle  is  a  special  case  of  the  relative  convex  hull  of  a  finite  set  of  points 
discussed  in  the  next  Section.  The  proof  of  the  following  Lemma  is  in  the  same  spirit 
as  the  proofs  of  Lemmais  2.2.3  and  2.2.4. 


20 


Figure  2.4:  Geodesic  triangle  Axyz. 

Lemma  2.2.5  (Triangle  Lemma)  Suppose  {x,y,z]  is  not  degenerate.    Let  y  and 
z  be  shadows  of  g{x,y)  and  g{x,z)  respectively.  Assume  z  G  U[y,x]. 

(1)  Ifu  G  Axj/z  and  u  ^  g{x,y)ng{x,z)  then  there  is  a  shadowy,  ofg{x,u)  so  that 
u  6  dU[y,z]  and  g{x,u)  intersects  g{y,z). 

(2)  If  u  is  in  the  interior  of  Axyz,  then  for  any  shadow  it  of  g{x,u),  u  G  dU[y,z] 
and  g{x,u)  intersects  g{y,z). 

(3)  If  u  E  U[y,x]  n  f/[i,2]  n  U[y,z],  then  g{x,u)  intersects  g{y,z)  and  there  is  a 
shadow  u  of  g{x,u)  in  dU[y,z]. 


2.3     Relatively  Convex  Sets 

This  Section  develops  properties  of  relatively  convex  sets.  Lemma  2.3.4  constitutes 
the  main  result.  It  states  that  the  "extreme"  elements  of  a  set  F  can  be  ordered 
so  that  the  relative  convex  hull  of  F  is  the  intersection  of  all  "cones"  defined  by 
consecutive  triples  of  extreme  elements.  An  immediate  consequence  of  Lemma  2.3.4 
is  a  decomposition  of  a  relatively  convex  set  into  a  collection  of  simple  polygons  and 
connecting  geodesies.  Also,  the  order  of  extreme  elements  extends  to  a  natural  notion 
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of  a  traversal  of  the  boundary  of  a  relatively  convex  set.  This  ordering  has  a  number 
of  useful  consequences,  given  in  Lemmas  2.3.6  through  2.3.9. 

Lemma  2.3.1  Any  relatively  convex  set  R  is  simply  connected. 

Proof:  We  show  that  the  region  enclosed  by  a  simple  cycle  7  in  /?  lies  completely 
in  R.  Suppose  x  G  7,  y  is  in  the  interior  of  7,  and  y  is  a  shadow  of  g{x,y).  Since 
yy  connects  a  point  inside  7  to  a  point  on  or  outside  7,  there  is  a  point  w  in  the 
intersection  of  yy  and  7.  Since  R  is  relatively  convex,  g{x,  w)  C  R,  so  y  ^  R.  □ 

Let  F  be  a  nonempty  polygonal  region  contained  in  U.  (Recall  that  polygonal 
regions  need  not  be  connected;  in  particular,  F  may  be  a  finite  set  of  points.)  For 
I  G  t/,  we  define  span{x,  F)  to  be  the  smallest  superset  T  of  6{x,  F)  with  the  property 
that  the  angle  between  two  non-opposite  directions  a,  a'  G  6{x,F)  is  included  in  T 
whenever  this  angle  is  contained  in  U  locally  near  x.  It  is  easy  to  see  that,  if  x  G  f/  is 
not  a  reflex  corner  of  dU,  then  either  span{x,  F)  has  a  single  component  or  span{x,  F) 
consists  of  two  opposite  directions.  If  x  is  a  reflex  corner  of  dU,  then  span{x,  F)  may 
have  two  components  that  axe  not  opposite  directions;  in  fact  one  or  both  components 
may  have  positive  measure.  Since  F  is  a  polygonal  region,  it  is  easy  to  check  that 
the  endpoint  of  any  component  of  span{x,F)  is  0{x,y)  for  some  y  E  F.  We  show 
below  (Lemma  2.3.3)  that  span{x,F)  =  0{x,R{F)),  which  is  an  equivalent  definition 
of  span.  The  less  intuitive  definition  was  chosen  primarily  to  facilitate  the  proof  of 
the  next  Lemma. 

If  spa'n{x,  F)  consists  of  a  single  component  of  measure  less  than  27r,  then  x  is  an 
exterior  point  of  F.  Notice  that  span{x,F)  can  have  measure  exceeding  tt  but  less 
than  27r  only  if  x  is  a  reflex  corner  of  dU.  If  span{x,  F)  consists  of  a  single  component 
of  measure  less  than  tt  and  x  G  F  then  x  is  an  extreme  point  of  F.  If  span{x.  F) 
consists  of  two  connected  components,  then  x  is  a  thin  point  of  F.  In  Figure  2.5,  for 
F  =  {1,2,3,4,5},  point  5  and  all  points  of  dU  except  a  are  exterior  (but  none  are 
extreme),  points  1,  2,  and  3  are  extreme  points,  and  every  point  on  g{l,a)  except  1 
is  a  thin  point. 
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Figure  2.5:  Relative  convex  hull  of  {1,2,3,4,5}. 


For  the  remainder  of  this  Section,  F  C  L''  is.a  finite  set  of  points  containing  at 
least  two  elements.  Set  F  is  extreme  if  every  element  of  it  is  extreme.  In  Figure  2.5, 
{1,2,3}  is  extreme. 

Let  X  be  an  exterior  point  of  F  or  a  point  of  dU.  If  x  G  dU  define  opppix)  to  be 
I,  otherwise  let  oppp{x)  be  the  first  point  of  dU  intersected  by  the  ray  with  endpoint 
X  directed  opposite  the  bisector  of  span{x^  F).  The  clockwise  extreme  point  of  F  from 
X,  denoted  r(x),  is  the  point  f  £  F  so  that  there  is  no  geodesic  extending  g{x,  f)  to  a 
point  /'  G  F,  and  among  all  such  points  the  closest  shadow  of  g{x,f)  is  as  clockwise 
as  possible  in  dU  —  {oppF{x)].  Similaxly  define  the  counterclockwise  extreme  point 
of  F  from  x,  denoted  /(x).  For  example,  in  Figure  2.5,  /(2)  =  1,  r(2)  =  3,  /(a)  =  1, 
r{a)  =  2.  There  are  two  subtleties  to  these  definitions.  First,  r  and  /  depend  upon 
the  set  F,  but  except  in  the  proof  of  Lemma  2.4.3,  we  leave  this  dependence  implicit. 
Second,  there  axe  two  distinct  (though  overlapping)  ccises  in  the  definition:  either  x 
is  exterior  (and  span{x,  F)  consists  of  a  single  component)  or  x  G  dU  (and  even  if 
span{x,  F)  consists  of  two  components,  there  is  still  a  natural  way  to  define  r(x)  and 
/(x)).  Notice  there  is  no  natural  definition  of  r(x)  and  /(x)  if  span{x,  F)  has  mecisure 
27r  or  if  span{x,  F)  has  two  components  and  x  ^  dU.  The  following  Lemma  describes 
properties  of  functions  r  and  /;  its  proof  is  quite  technical  and  detailed. 
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Lemma  2.3.2  Let  x  be  an  exterior  point  of  F  or  a  point  of  dU ,  r  -  r{x),  I  =  l{x), 
f  the  closest  shadow  ofg{x,r),  and  I  the  closest  shadow  of  g{x,l). 

1.  If  x  is  exterior  then  span{x,F)  =  Lrxl.    If  x  G  dU  or  mLrxl  ^  tt  then  F  C 
U[r,x]f\U[xJ];  if  mirxl  =  %  then  F  C  f/[r,/]. 

2.  If  r  i:.  I,  then  rf  and  II  are  disjoint;  if  also  x  e  dU  then  x,  f,  I  are  in  that 
counterclockwise  order  around  dU . 

3.  Both  r  and  I  are  extreme  points  of  F. 

4-  If  X  is  an  extreme  point  of  F,  then  r{l{x)}  =  /(r(i))  =  x. 

5.  Let  X  e  dU  ormLrxl  <  tt.    Then  f  =  r{x)  if  and  only  if  f  e  F ,  F  C  U[f,x], 
and  g{x,f)  cannot  be  extended  to  g{x,f')  for  any  other  f  e  F. 

Proof: 

1.  We  must  always  have  span{x,F)  C  lrxl  by  definition  of  span{x,F)  and  of 
points  r  and  /;  certainly  e{x,r),e{x,l)  e  span{x,F).  If  x  is  exterior  then 
span{x,F)  is  connected,  so  we  must  have  lrxl  =  span{x,F).  For  the  second 
statement,  first  suppose  x  e  dU  or  mlrxl  7^  tt.  Let  x'  be  the  closest  foreshadow 
oi  g{x,r).  We  claim  /  e  dU[f,x']:  this  follows  immediately  from  the  definition 
of  r  and  /  ii mlrxl  <  tt,  x  G  dU,  or  mlrxl  >  it  (since  in  the  last  case  necessarily 
X  G  dU).  For  any  /  €  F,  either  /  G  g{x,  r),  /  6  ^(x,  /),  or  the  closest  shadow 
of  g{xj)  lies  in  dU[fJ]  C  dU[f,x'],  so  /  G  U[r,x],  and  F  C  U[r,x].  Similarly 
F  C  U[x,l].  The  argument  that  mlrxl  =  tt  implies  F  C  U[r,l]  is  similar.  For 
an  illustration  of  this  somewhat  unintuitive  case,  refer  to  Figure  2.5,  placing  x 
at  any  point  of  segment  ab  other  a  or  6.  For  such  a  point  x,  r(x)  =  1,  /(x)  =  3, 
and  indeed  F=  1,2,3,4,5  C  U[l,3].  On  the  other  hand,  Fg  U[x,3]  =  U[a.3]. 

2.  Suppose  I  yl  r.  If  //  and  rf  met,  either  /  would  lie  on  g{x,r)  or  vice  versa, 
contrary  to  the  definition  of  r,  /.  The  ordering  of  x,  f,  and  /follows  immediately 
by  definition. 
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3.  Referring  to  part  1  of  the  Lemma,  we  assume  F  C  U[r,x],  otherwise  a  similar 
argument  works  using  U[rJ].  To  show  r  extreme,  we  need  to  demonstrate  that 
span{r,  F)  is  connected  and  has  measure  less  than  tt.  Whether  or  not  r  G  (9(7, 
6{r,U[r,x])  is  connected.  As  F  C  U[r,x],  span{r,F)  C  6{r,U[r,x]).  Hence  it 
suffices  to  show  that  for  f  €:  F,  6{r,  f)  lies  in  the  angle  from  6{r,  x)  clockwise  to 
but  not  including  —0{r,x).  Now  6{r,f)  cannot  be  —6{r,x)  else  g{x,f)  would 
extend  g{x,r).  Also  0{r,f)  can  be  clockwise  of  —d{r,x)  only  in  the  case  that 
r  is  a  reflex  corner  of  dU  so  that  the  exterior  of  U  is  locally  contained  in  the 
geodesic  angle  /.xrf  and  mlxrf  <  tt;  again  this  is  impossible  because  g{x,f) 
would  extend  g{x,r). 

4.  By  (1),  F  C  J7[r, x].  For  any  f  E  F  not  appearing  on  g{x,r),  f  is  in  the 
relative  interior  of  U[r,x].  Thus,  by  Lemma  2.2.3(1),  the  closest  shadow  of 
g{r,f)  lies  on  5£/[f,  x*],  where  x*  is  the  closest  foreshadow  of  g{x,r).  This 
implies  x  =  /(r)  =  /(r(x))  by  definition  of  counterclockwise  extreme  point. 

5.  Clearly  there  can  be  at  most  one  point  f  in  F  satisfying  "F  C  U[f,x]  and 
g{x,f)  cannot  be  extended  to  g{x,f')  for  any  /'  6  F".  Since  /  =  r(x)  is  one 
such  point,  the  claim  follows. 

D 

Lemma  2.3.3  For  x  G  U,  span{x,F)  =  e{x,R{F)). 

Proof:  Suppose  y,z  e  F  axe  such  that  0  <  mlyxz  <  tt  and  lyxz  is  (locally  around 
x)  contained  in  U.  By  examining  Axyz  and  using  g{y,  z)  C  R{F)  we  see  that  lyxz  C 
^(x,  R{F)).  Hence  span{x,  F)  C  ^(x,  R{F)). 

If  span{x,F)  has  measure  27r,  then  it  must  be  that  span{x,F)  =  0{x,R{F)). 
Suppose  X  is  an  exterior  point  of  F;  let  r  =  r(x)  and  /  =  /(x).  If  mlrxl  ^  tt 
then  R{F)  C  U[r,x]  n  U[xJ]  since  F  C  U{r,x]  n  U{x,l]  by  Lemma  2.3.2(1),  and 
U[r,x]  and  U[x,l]  are  relatively  convex.  Hence  ^(x, /?(F))  C  e{x,U[r,x]  n  U[x,l])  = 
Lrxl  =  span{x,F),  where  the  first  equality  follows  by  definition  and  the  second  by 
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Lemma  2.3.2(1).  U  mlrxl  =  n  then  R{F)  C  U[rJ],  so  e{x,R{F))  C  e{x,U[rJ])  = 
Lrxl  =  span{x,  F). 

Finally,  if  x  is  a  thin  point  of  F,  we  can  find  a  segment  through  x  splitting  U  into 
two  simple  polygons,  each  containing  one  of  the  components  of  span{x,F).  Let  Fi 
and  ^2  be  the  intersections  of  these  two  polygons  with  F,  and  let  H\,  H2  be  their 
respective  convex  hulls  (relative  to  U).  It  is  easy  to  verify  that  x  is  an  exterior  point 
of  both  Fi  and  F2  and  thus,  by  the  first  part  of  the  proof, 

span{x,Fi)Dspan{x,F2)  =  ^(x,  i/j)  U  ^(x, //j)  C  e{x,R{F)).  (2.1) 

Since  trivially  span{x,Fi)  U  span{x,F2)  C  span{x,  F),  it  is  sufficient  to  show  that 
the  inclusion  in  (2.1)  is  an  equality.  Suppose  there  is  a  point  y  G  R{F)  —  {x}  such 
that  e{x,y)  e  e{x,R{F))-e{x,Hi)ue{x,H2).  Asy  e  R{F)  =  RiHiUHi),  there 
are  two  points,  zi  G  H^  and  22  £  H2  so  that  y  G  g{zi,Z2).  Notice  that  x  ^  ^(21,22), 
hence  £\xz\Z2  C  R{F)  is  not  degenerate  and  ^(x,  5(21,  22))  C  span{x,  F)  is  the  angle 
between  ^(x,  21)  and  ^(x,  22),  contradicting  the  assumption  that  x  is  a  thin  point  and 
^(x,  2i)  and  ^(x,  22)  lie  in  different  components  of  span{x,  F).  □ 

It  is  immediate  that  any  two  sets  with  the  same  relative  convex  hull  have  the  same 
extreme,  exterior,  and  thin  points. 

The  next  Lemma  is  the  main  result  of  this  Section.  To  state  it  we  need  the 
notion  of  a  geodesic  cone.  Suppose  mLxyz  <  tt  ajid  2  G  U[x^y].  Let  u  be  the 
segment  from  y  to  the  closest  foreshadow  y'  of  g{y,x),  open  at  y  and  closed  at  y'. 
The  geodesic  cone  U[x,y,z]  is  U[x,y]  n  U[y,z]  —  a.  See  Figure  2.6.  Notice  that  a 
intersects  U[x,  y]  Pi  U[y,  z]  only  if  a  is  also  a  foreshadow  segment  of  g{y,  2).  It  is  easily 
checked  that  U[x,  y,  z]  is  relatively  convex  and  that  the  boundary  of  U[x,  y,  2]  consists 
of  g{z,y),  g{y,x),  eind  dU[x,z],  where  x  and  2  are  the  closest  shadows  of  g{y,x)  and 
g{y,z),  respectively.  Furthermore,  Lemma  2.3.2(1)  implies  that,  if  /  is  an  extreme 
point  of  F,  then  F  C  f/[r(/),/, /(/)]. 

Lemma  2.3.4  For  a  finite  set  F,  H  =  R{F)  is  a  simply  connected  polygonal  region. 
The  extreme  elements  of  F  can  be  labelled  fi,  /2  =  r(/i),  ...,  fo  —  fm  =  ''(/m-i)- 


26 


Figure  2.6:  Geodesic  cones  U[2,l,3]  (solid)  and  [/[3,2,  l]  (dashed), 
/i  =  fm+i  =  r{fm)  so  that  H  =  nr=i  f/[/.+i,/.,/.-i]  and  dH  =  Ur=i  ^(/m/.+i)- 


Proof:  F  must  contain  some  extreme  element,  since  r{u)  is  extreme  for  any  u  G  dU . 
Let  /i  be  an  extreme  element  of  F,  and  consider  the  sequence  J2  =  ^(/i),  /a  =  ^(/2), 
....  Since  F  is  finite  and  /  o  r  is  the  identity  (Lemma  2.3.2(4)),  it  must  be  that 
fm+i  =  /i  for  some  m  with  /i,...,/m  distinct.  If,  for  some  z,  /,_i  =  /,+i,  F  is 
degenerate,  m  =  2  and  the  Lemma  follows  easily.  We  thus  assume  that  the  points  in 
each  triple  /,_i,/,, /,+i  are  distinct,  so  that  F  is  nondegenerate  and  m  >  2. 

Let  /  =  n:^i^[/.+i,/.,/.-i].  Our  goal  is  to  show  dl  =  UI^i  5(/.,/.+i)-  Let 
g{fi,f,+i)  have  closest  foreshadow  s,  and  closest  shadow  t,.  A  schematic  view  of 
the  situation  is  given  in  Figure  2.7.  Notice  that  a  intersects  U[x,y]  D  U[y,z]  only 
if  a  is  also  a  indicates  the  relative  positions  of  these  points,  to  be  justified  below. 
Then  a(^[/,+i, /.,/._,])  =  5(/.,i,)  U  5(5.-1,/,)  U  dU[t„s,.i].  By  Lemma  2.3.2(1) 
we  have  for  j  =  1,  ...  ,m,  /,_i  6  {/[/j+i,/,]  —  U[tj,Sj],  so  Lemmas  2.2.3  and  2.2.4 
guarantee  that  Sj_i,  5j,  tj_i,  ij  lie  in  that  counterclockwise  order  on  dU  (possibly  s_,  = 
t,_i).  Consequently,  UT=i  dU[s,,t,]  =  dU.  Hence  n,"Li  dU[t,,  s,.^]  C  n^^i  dU[t,,s,]  C 
{si,  ...  ,Sm,ti,  ...  ,tm}-  We  now  claim  that  5t/[i,,5,_i]n/ C  y^j  5(5j,t_,).  Suppose 
X  e  5f/[<i,  5,_i]  n  7;  either  x  G  fljLi  ^^[^j,  •5j-i]i  in  which  case  the  claim  is  immediate, 
or  X  ^  njLi  ^^[^j)-Sj-i]-  In  the  second  case,  x  ^  5[/[<j,  5_,_i]  for  some  j,  but  x  G 
^[/j+ii/j  1/7-1]  as  X  e  /,  and  since  x  G  5f/,  it  must  be  that  x  G  5(C/[/j+i,/j, /,_i]). 
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Figure  2.7:  Illustration  to  the  proof  of  Lemma  2.3.4 

SOX  G  ^(/;,ij)U^(sj_i,/,),  establishing  the  claim.  We  now  show  5/  =  Ui^i  p(/n /i+i)- 
By  elementary  topology, 


dl   =    [jInd{U[f,^,J,j,_,]) 
.=1 

m  m 

=    U((5(/n<.)  U5(/.,^.-i))  n  /)  u  \J{dU[u,s,.,]  n  /) 

m 

=    [J9is„U)nl. 


1=1 


1=1 


Since  segments  s,f,  and  t,_i/.  are  in  U[fi+u  f,J,-i]  only  if  s,  =  i,_i  =  /,  e  5f/,  we 
havea/  =  Ur=i^(/.,/.+i)- 

For  each  i,  we  have  H  C  C/[/,+i,/,, /,-i]  since  C/[/,+i, /,,/,_ i]  is  relatively  convex 
and  contains  F.  Hence  H  C  I.  Also  dl  C  H  since  each  geodesic  is  contained  in  H; 
as  H  IS  simply  connected,  H  =  I.  Every  extreme  element  /  of  F  must  be  in  H  and 
in  fact  on  dH,  for  /  is  on  the  boundary  of  U[r{f),  f,  /(/)].  Since  no  extreme  element 
can  lie  on  a  geodesic  between  two  other  extreme  elements,  each  extreme  element  is 
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equal  to  /,  for  some  i.  '-' 

Since  R{F)  is  a  connected  polygonal  region,  it  can  be  decomposed  into  plateaus 
and  bridges:  a  non-degenerate  plateau  is  a  maximal  closed  two-dimensional  region 
whose  boundary  is  a  simple  polygon  and  a  bridge  is  either  a  maximal  polygonal  path 
of  positive  length  not  containing  any  plateau  points  in  its  interior  or  a  single  point 
shared  between  two  plateaus.  We  require  that  both  endpoints  of  a  bridge  lie  in  a 
plateau,  thus  introducing  a  degenerate  plateau  at  the  endpoint  of  any  positive-length 
bridge  that  does  not  end  in  a  point  of  a  non- degenerate  plateau.  In  Figure  2.5, 
point  1  and  geodesic  triangle  A23a  are  plateaus  (degenerate  and  non-degenerate, 
respectively);  segment  la  is  a  bridge.  Each  plateau  is  relatively  convex  and  each 
bridge  is  a  geodesic.  Since  R{F)  is  simply  connected,  this  decomposition  forms  a 
tree,  with  plateaus  taken  as  nodes  and  bridges  as  edges.  An  extreme  point  x  of  R{F) 
is  a  convex  vertex  of  a  plateau  (if  span{x,  F)  has  positive  measure)  or  is  a  plateau 
itself  (if  span(i,  F)  consists  of  a  single  direction).  A  thin  point  x  of  R{F)  is  an  interior 
point  of  a  bridge  (if  span{x,F)  consists  of  exactly  two  directions),  an  endpoint  of  a 
bridge  of  positive  length  (if  span{x,  F)  consists  of  two  components  only  one  of  which 
has  positive  measure),  or  a  bridge  by  itself  (if  span{x,  F)  consists  of  two  components 
both  of  positive  measure). 

For  F  labelled  as  in  Lemma  2.3.4  and  H  =  R{F),  we  define  the  counterclock- 
wise traversal  of  dH  to  be  the  circuit  g{fi,f2),  ■  ■  ■  ,g{fm-,fi)-  The  counterclockwise 
traversal  visits  every  thin  point  twice  and  other  points  once.  Hence  for  x,y  not  thin 
points  we  can  unambiguously  define  dH[x,y]  to  be  the  section  of  the  counterclock- 
wise traversal  of  dH  from  x  to  y.  Similarly  a  collection-//^'  of  non-thin  points  of  dH 
has  an  unambiguous  counterclockwise  ordering  along  dH.  If  F  is  extreme,  then  the 
counterclockwise  ordering  covers  every  point  of  F.  Even  if  the  sequence  of  points 
ii,  . . .  ,x;c  on  dH  includes  thin  points,  it  is  still  meaningful  to  say  that  they  appear 
in  counterclockwise  order,  if  they  are  visited  in  that  order  in  a  single  counterclockwise 
traversal  of  dH.  Of  course,  another  order  differing  in  the  position  of  thin  points  may 
be  consistent  with  a  counterclockwise  traversal  as  well. 
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Corollary  2.3.5   The  center  of  F  is  the  center  of  R{F). 

Proof:  It  is  sufficient  to  show  that  for  any  x  G  C,  rad{x,F)  =  rad{x,R{F)).  A 
point  oi  H  —  R{F)  maximally  distant  from  x  must  lie  on  dH.  By  the  previous 
Lemma  any  point  on  dH  lies  on  a  geodesic  connecting  two  points  of  F;  hence  by 
Lemma  2.2.1,  the  maximally  distant  point  must  be  an  endpoint  of  the  geodesic,  that 
is,  a  point  of  F.  Thus  a  point  of  H  furthest  from  x  is  necessarily  a  point  of  F  and 
rad{x,H)  =  rad{x,F).  D 

Lemma  2.3.6  //  /,  /'  are  extreme  points  of  F,  then  every  extreme  point  counter- 
clockwise from  f  to  f  is  in  U[f^f'],  and  all  but  f  and  f  lie  in  the  relative  interior 
ofUifJ']. 

Proof:  The  proof  is  by  induction  on  the  extreme  points  of  F  lying  in  counterclockwise 
order  around  F  from  /  to  /'.  If  r(/)  =  /',  the  claim  is  vacuously  true.  If  r{f)  /  /', 
then  since  /'  must  lie  in  the  relative  interior  of  U[r{f),  /],  r(/)  must  lie  in  the  relative 
interior  of  [/[/,  /'].  Now  suppose  /"  is  counterclockwise  of  /  before  /'  and  r(/")  ^  /'. 
By  inductive  assumption,  /"  is  in  the  relative  interior  of  U[f,f'].  Again  we  have 
/'  in  the  relative  interior  of  U[r{f"),f"],  so  r{f")  must  be  in  the  relative  interior  of 
U[f",f'].  Now  U[f",f']  is  contained  in  f/[/, /']  except  possibly  for  a  region  bounded 
by  segments  f's'  and  f's"  and  dU{s',s"],  where  s'  and  s"  are  the  closest  shadows  of 
g{f,f')  and  g{f",f'),  respectively.  But  g(f",r{f"))  cannot  intersect  segment  f's', 
since  /'  is  extreme.  Hence  r(/")  e  U[f,f'].  Since  r{f")  cannot  lie  on  g{f,f')  as  /, 
/',  r{f")  are  extreme  and  distinct,  in  fact  r{f")  is  in  the  relative  interior  of  U[f,f']. 
D 

An  immediate  consequence  of  Lemma  2.3.6  is  that  counterclockwise  order  of  ex- 
treme points  is  an  absolute  order,  not  depending  on  other  extreme  points:  if  a,b,c 
are  extreme  points  of  both  sets  A  and  B.  then  their  order  around  A  is  the  same  as  it 
is  around  B. 
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Lemma  2.3.7  If  points  x,  y,  z,  w  occur  in  that  order  (not  necessarily  all  distinct) 
in  a  counterclockwise  traversal  of  the  boundary  of  a  relatively  convex  polygonal  region 
R,  then  g{x,z)  intersects  g{y,w). 

Proof:  By  creating  dummy  plateaus  if  necessary,  we  can  assume  that  x,  y,  z,  and 
w  each  lie  in  a  plateau.  We  proceed  by  induction  on  the  number  of  plateaus  in  the 
decomposition  of  R.  If  there  is  only  a  single  plateau,  then  i?  is  a  simple  polygon  and 
the  claim  is  immediate.  Otherwise  there  is  some  bridge  g{a,  b)  whose  removal  splits 
R  into  relatively  convex  polygonal  regions  i?i  and  i?2-  If  all  of  x,  y,  z,  w  are  contained 
in  one  of  Ri  or  R2,  the  claim  follows  by  induction.  Otherwise,  since  x,  y,  z,  w  appear 
in  that  order  in  a  counterclockwise  traversal  of  the  boundary  of  R,  there  are  up  to 
symmetry  two  Ccises:  x,  y,  a  in  i?i  and  2,  ly,  b  in  R2,  or  x,  y,  z,  a  in  i?i  and  6,  w  in  R2 
(assuming  that  none  of  the  four  points  lie  in  g{a,  b)  —  {a,  b}).  In  the  first  case  ^'(x,  2) 
and  g{y,'w)  both  contain  g{a,b).  In  the  second  case  x,y,z,a  appear  in  that  order  in 
a  counterclockwise  traversal  of  i?i,  hence  by  induction  hypothesis,  ^(x,2)  intersects 
g{y,  a).  Since  g{y,  a)  C  g{y,  w),  g{x,  z)  must  intersect  g{y,  w).  □ 

We  say  that  segment  fxCU  connects  a  relatively  convex  set  R  to  dU  if  /  is  an 
extreme  point  of  i?,  x  G  dU,  and  fx  intersects  R  only  at  /  (possibly  /  =  x  or  some 
point  of  fx  besides  x  lies  on  dU). 

Lemma  2.3.8  (Connection  Lemma)  Suppose  fi,---,fm  o.re  extreme  points  of  rel- 
atively convex  set  R  and  segments  fiXi  are  pairwise  disjoint  and  connect  R  to  dU. 
Then  the  order  of  the  fi  's  around  dR  is  the  same  as  the  order  of  x,  5  around  dU . 

Proof:  Suppose  fi,fj,fk  are  in  counterclockwise  order  around  OR;  we  show  Xj  G 
dU[x,,Xk],  i.e.  Xi,ij,Xfc  are  in  counterclockwise  order  around  dU.  By  Lemma  2.3.6, 
/j  is  in  the  relative  interior  of  U[fi,fk].  Since  g{f,,fh)  ^  R  and  /,Xj  meets  R  only  at 
/j,  fjXj  cannot  intersect  g{f,-,fk)-  Clearly  fj  is  in  the  region  bounded  by  dU[xt,Xk], 
segment  fkXk,  g{fk,fi),  and  segment  /,x,.  Since  x_,  G  dU  and  fjXj  does  not  intersect 
fk^k,  9{fk,fi)  or  /,x,,  Xj  G  dU[x„Xk]  we  must  have  and  Xj  ^  x,-  and  x_,  /  Xk-  D 
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Lemma  2.3.9  Mappings  r  and  I  restricted  to  dU  preserve  order. 

Proof:  Suppose  ui,U2,U3  G  dU  are  in  that  counterclockwise  order  and  ri  =  r(ui), 
r2  =  r{u2),  and  r^  —  r(u3)  are  distinct.  Let  f,  be  the  closest  shadow  oi  g{ui^ri). 

We  show  that  fj,  f2,  f^  lie  in  that  counterclockwise  order  on  dU\  this  follows  from 
the  claim  that  dU[uj,fj\  %  5t/[it,-, f,]  for  all  i  ^  j.  To  establish  this  claim,  suppose 
for  the  sake  of  contradiction  that  dU[uj,fj]  C  5t/[u,,  f,]  for  some  i  ^  j.  Then 
Tj  G  U[ui,ri]  since  Uj,fj  G  f/[u,,r,].  However,  r^  £  F  C  U[r,,Ui]  by  Lemma  2.3.2(1), 
so  Tj  G  g{ui,f,).  In  fact  r^  G  ^'(u,, r,)  since  r^  cannot  lie  past  r,  on  ^(u,, f,).  If 
Tj  G  5C/  then  r_,  =  fj  G  5C/[u,-,f,],  so  either  r,  =  tj  or  g{Uj,rj)  can  be  extended  to 
^(uj,r,),  a  contradiction.  If  r^  ^  3C/,  then  neither  ^(tx,, f,)  nor  g{uj,fj)  can  bend  at 
Tj.  Since  Uj, r^  G  C/[u,, r,],  the  two  geodesies  must  overlap  in  some  link  containing  r_,. 
Furthermore  the  link  must  be  traversed  in  the  same  direction  in  both  geodesies,  since 
Uj,  u,,  f,,  f-j  appear  in  that  counterclockwise  order  on  dU.  But  then  g{uj,rj)  could 
be  extended  to  g{uj,ri),  a  contradiction. 

We  claim  that  rifi  and  rjfj  are  disjoint  whenever  i  ^  j;  the  Lemma  then  follows 
immediately  by  the  Connection  Lemma.  Suppose  r,f,  intersects  r.jfj.  The  intersection 
must  be  a  single  point  distinct  from  both  r,  and  r^.  Hence,  either  r^  ^  U[r,,u,]  or 
r,  ^  t/fr^,  Uj],  contradicting  Lemma  2.3.2(1).  The  claim  for  /  follows  by  a  symmetric 
argument.  □ 

2.4     Far  Sides 

We  consider  the  notion  of  the  "far  side"  of  a  set  F  from  a  point.  Informally,  an 
extreme  point  /  G  F  is  on  the  far  side  of  F  from  x  if  the  geodesic  g{x,f)  leaves 
R{F)  after  /.  There  are  two  main  reasons  for  studying  far  sides.  First,  we  use  this 
notion  to  relate  the  order  of  extreme  points  of  F  with  the  order  of  points  on  di' 
(Corollary  2.4.2).  Second,  using  far  sides,  we  will  be  able  to  compute  relative  conve.x 
hulls  of  sets  of  a  particular  form  efficiently  (Lemma  2.4.3). 

Let  F  be  a  finite  set  of  points  in  U  and  x  G  dU.    The  far  side  of  F  from  x  is 
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the  set  of  all  extreme  points  of  F  counterclockwise  from  r{x)  to  /(x),  inclusive.  Here 
r(x)  and  l{x)  are  the  clockwise  and  counterclockwise  extreme  points  of  F  from  x,  as 
before. 

Lemma  2.4.1  Suppose  f  is  an  extreme  point  of  F,  x  E  dU ,  and  f  ^  x.  Then  the 
following  are  equivalent. 

1.  f  is  on  the  far  side  of  F  from  x. 

2.  f  IS  an  extreme  point  of  F  U  {x}. 

3.  ff  connects  R{F)  to  dU ,  for  any  shadow  f  of  g{x,f),  and  there  is  no  geodesic 
extending  g{x,f)  to  an  extreme  point  f  of  F  distinct  from  f. 

Proof:  If  X  G  R[F)  then  all  three  conditions  are  automatically  satisfied,  so  assume 
x  0  R{F).  Then  x  is  an  exterior  point  of  F.  Set  r  =  r{x)  and  /  =  l{x).  By 
Lemma  2.3.2(1)  /  E  U[r,  x]  n  [/[x,  /]. 

(1  =>  2)  If  /  is  on  the  far  side  of  F  from  x,  then  /  G  U[r,  I]  by  Lemma  2.3.6.  If  /  ^  r 
and  f  ^  I,  then  by  the  Triangle  Lemma,  g{x,f)  intersects  g{l,r)  at  some  point 
x',  where  x'  ^  f  since  /  is  extreme.  Hence  0{f,x)  =  6{f,x')  €  0{f,g{rj))  C 
span{f,  F),  and  span{f,  F  U  {x})  =  span{f,  F),  so  /  is  extreme  in  F  U  {x}.  If 
f  =  r,  then  by  the  definition  of  clockwise  extreme  point,  r(x)  is  unchanged  if 
F  is  replaced  with  FU  {x},  so  r  is  extreme  by  Lemma  2.3.2(3).  The  case  /  =  / 
is  similar. 

(2  =>  3)  Trivial. 

(3  =>  1)  We  argue  the  contrapositive.  If  /  is  not  on  the  far  side  of  F,  then  by 
Lemma  2.3.6,  /  G  U[l,  r].  Since  /  cannot  lie  on  g{l,  r),  /  G  Arxl.  If  /  €  g{x,  r) 
or  /  G  g{x,l),  then  g{x,f)  can  be  extended  to  an  extreme  point  of  F  distinct 
from  /.  Otherwise  by  the  Triangle  Lemma,  for  some  shadow  /  of  ^(x,  /),  ^(x,  /) 
intersects  g{r,l)  at  a  point  distinct  from  /,  thus  //  cannot  connect  R{F)  to 
dU. 
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Corollary  2.4.2  Suppose  {/J  is  a  set  of  distinct  points  on  the  far  side  of  F  from  x 
and,  for  each  i,  fi  is  a  shadow  of  g{x,fi).  Then  the  order  of  fi  on  dU  is  the  same  as 
the  order  of  f,  on  dR{F). 

Proof:  If  i  ^  j  then  g{x,  fi)  and  ^(x,  /,)  must  diverge  before  reaching  /,  or  /,.  Hence 
fifi  does  not  intersect  fjfj.  The  result  then  follows  from  the  Connection  Lemma.  □ 

Lemma  2.4.3  Suppose  u,v  e  dU ,  u  y^  v,  F  C  U[v,u],  F  %  g{u,v),  and  H  = 
R{F).  Then  dU[uM,  9{v.r{v)),  dH[r{v)J{u)],  g{l{u),u)  (or  dU[u,v],  g{v,r{v)), 
g{l{u),u),  if  r[v)  =  l{u))  constitute  a  counterclockwise  traversal  of  the  boundary  of 

R{FudU[u,v]). 

Proof:  In  this  proof,  we  write  for  example  rfj{x)  and  ///(x)  for  the  clockwise  and 
counterclockwise  extreme  points  of  H  from  x.  This  indicates  the  dependence  upon  H 
explicitly.  Thus  in  the  statement  of  the  Lemma,  r(x)  really  refers  to  rp{x).  We  also 
assume  dU[u,v]  2  ^iF)  and  r{v)  ^  l{u),  hence  two  or  more  points  of  dU[u,v]  are 
extreme  in  R{F  U  dU[u,v]).  If  dU[u,v]  C  R{F)  or  r{v)  -  l{u),  a  similar  and  easier 
argument  suffices. 

Refer  to  Figure  2.8.  Let  G  be  {u,v}  together  with  the  set  of  convex  corners  of 
dU[u,  v].  Clearly  R{F  U  dU[u,  v])  =  R{F  U  G).  We  first  show  that  rp^civ)  =  rfiv); 
we  will  use  Lemma  2.3.2(5).  Some  point  of  F  is  in  the  relative  interior  of  U[v,u] 
by  assumption;  it  is  easy  to  check  that  in  fact  rf{v)  must  be  in  the  relative  interior 
of  U[v,u].  Hence  F  \J  dU[u,v]  C  U[rF{v),v].  Any  geodesic  extending  g{v,rF{v)) 
must  stay  in  the  relative  interior  of  U[v,u],  hence  must  avoid  dU[u,v],  and  must 
also  avoid  any  f  ^  F  distinct  from  rf{v)  since  rp{v)  is  extreme  in  F.  Hence  by 
Lenrnia  2.3.2(5),  rpuoiv)  =  rpiv).  By  Lemma  2.3.2(3),  r^ (u)  is  extreme  m  F  UG. 
By  a  similar  argument,  /fug(")  =  'f(")  is  extreme  in  F  U  G. 

We  claim  h  =  Ifug{'''f{v))  is  the  most  clockwise  point  of  G  (ordered  along  dU) 
that  is  extreme  in  F  U  G:  h  is  either  v,  the  convex  corner  immediately  clockwise  of 
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Figure  2.8:  Dashes  outline  R{F  U  dU[u,v]). 


V,  or  possibly  u  if  dU[u,v]  contains  no  convex  corners.  We  have  h  G  U[rp{v),v]  and 
V  G  U[rF{v),h].  This  is  only  possible  if  v,  h  and  rf{v)  lie  on  a  common  geodesic. 
Since  h  and  tf{v)  are  extreme  in  F  U  G,  they  must  be  the  endpoints  of  the  geodesic. 
Hence  either  v  =  h  =  /fug(''f(v)),  or  9{rf{v),v)  extends  to  g{rf{v),h).  Certainly 
h  G  U[rp{v),v],  so  V  e  dU  and  G  C  U[rF{v),v]  force  h  G  dU[u,v];  and  g{rF{v),h) 
not  extendible  to  another  point  of  F  U  G  forces  /i  to  be  u  or  the  convex  corner  of  G 
immediately  clockwise  of  v. 

Set  /i  =  rpiv),  f2  =  rH/i),  -.,  fh  =  If{u)  =  MA-i).  Let  G'  =  {^i,...,^,}  be 
the  subset  of  G  —  F  extreme  in  F  U  G,  where  the  index  is  given  by  the  ordering  along 
dU[u,v].  We  want  to  show  that  r^uG  maps  /i  •— ♦  /2  •— >  ■•■  '-^  fk  *-^  9i  '-*  ••■  '-*  ^; 
I— >  /i-  We  have  already  shown  that  /puG  maps  /i  to  5;,  hence  rfucls';)  =  /i-  By  a 
similar  argument  rfuclA)  =  fl'i-  It  is  easy  to  see  that  rf^JG{9i)  can  only  be  g,+i,  for 
1  <  i  <  /. 

It  remains  to  show  that  rpuGifi)  =  /.+i,  for  I  <  i  <  h.  This  follows  if  we  establish 
span{f„  F  U  G)  =  span{fi,  F)  (which  also  establishes  /,  extreme  in  F  U  G)).   Since 
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Figure  2.9:  A  configuration  not  in  general  position.  The  entire  shaded  region  is 
contained  in  b{s,t). 

fh  =  'f(u)  is  extreme  in  F  I)  G,  fh  is  extreme  in  F  U  {v},  hence  //<  is  on  the  far  side 
of  F  from  v,  and  hence  /i,  ...,fh  are  on  the  far  side  of  F  from  v.  Similarly  /i, ...,//, 
are  on  the  far  side  of  F  from  u.  Since  r  and  /  preserve  order  on  dU,  the  far  side  of  F 
from  any  w  G  dU[u,v]  includes  fi,.--,fh-  In  particular,  for  any  w  G  dU[u,v]  and  any 
i,  1  <  i  <  h,  we  have  /,  ^  g{l{w),r{w))  (since  /,  extreme  in  F  and  /,■  ^  l{w),r(w)), 
and  (as  in  the  proof  of  Lemma  2.4.1),  e{f„w)  e  0{f„g{l{w),r{w)))  C  e{f„R{F))  = 
span{f,,  F).  Hence  span{f,,  F  U  G)  =  span{f,,  F). 

Now  if  pi  =  u  and  gi  =  v,  we  are  done.  If,  say,  ^fi  ^  u,  then  u  must  appear 
on  g{fk,9i)-  To  obtain  the  Lemma  split  g{fk-,Si)  =  p('f("),5i)  into  g(/f(u),u)  and 
g{u,gi),  then  merge  g{u,g-[)  with  ^C^f^i,^*:].  A  similar  split  applies  \i  gi  ^  v.  □ 


2.5      The  General  Position  Assumption 

For  the  remainder  of  our  discussion  of  problems  in  the  geodesic  metric,  we  make  the 
following  general  position  assumption  concerning  the  set  of  sites  S  in  U:  no  reflex 
corner  of  dU  is  equidistant  from  two  sites.  This  condition  can  always  be  satisfied 
by  applying  a  slight  perturbation  to  the  positions  of  the  sites  or  corners.  If  this 
assumption  is  not  made,  the  set  of  points  equidistant  from  two  sites  may  include  a 
two-dimensional  region  (cf.    Figure  2.9).    This  Section  contains  some  consequeiur.s 
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of  the  general  position  assumption  that  are  critical  to  the  rest  of  our  analysis.  We 
emphasize  that  none  of  Lemmas  2.5.1,  2.5.2,  and  2.5.4  hold  if  the  assumption  is 
violated. 

Lemma  2.5.1  If  s,t  are  distinct  sites,  x  e  U,  and  d,{x)  =  dt{x),  then  6{x,s)  ^ 
e{x,t). 

Proof:  Suppose  6(x,s)  =  9{x,t).  Then  the  geodesies  g{s,x)  and  g{t,x)  share  their 
final  link  yx.  Point  y  must  be  the  anchor  of  x  with  respect  to  both  of  s  and  t.  Now 
y  ^  s,t  since  otherwise  d{s,y)  =  d{t,y)  would  imply  s  =  t.  Hence  y  must  be  a  reflex 
corner  of  dU  equidistant  from  s  and  t,  contradicting  the  general  position  assumption. 
D 

Lemma  2.5.2  Suppose  u,v  E  U,  u  ^  v,  and  ■-■  '.nd  t  are  distinct  sites.  If  ds{u)  < 
dt{u)  and  dt{v)  <  dglv),  g{s,u)  cannot  intersect         v). 

Proof:  Suppose  x  lies  on  both  g{s,  u)  and  g{t,  v)  ithout  loss  of  generality,  assume 
d{x,s)  <  d{x,t).  Observe  that 

dv{t)  <  d^{s)  <  dy{x)  +  d{x,s)  <  dy{x)  +  d{x,t)  =  dy{t). 

Hence  d{x,s)  =  d{x,t),  implying  that  the  path  g{s,x)  U  g{x,v)  is  in  fact  geodesic 
g{s,v),  and  similarly  g{t,x)  U  g{x,u)  is  g{t,u).  Since  x  lies  on  both  g{s,u)  and 
g{s,v),  X  must  be  a  reflex  corner  of  dU  or  an  interior  point  of  a  common  link  of  the 
two  geodesies  connecting  two  reflex  corners  of  dU.  In  the  second  case  the  link  must 
be  common  to  g{t,u)  and  g{t,v)  as  well,  hence  in  either  case  there  is  a  reflex  corner 
of  dU  equidistant  from  s  and  t,  violating  the  general  position  assumption.  D 

Corollary  2.5.3  Suppose  u,v  ^  U ,  u  ^  v,  and  each  of  u  and  v  is  equidistant  from 
two  distinct  sites  s  and  t.   Then  5(5,  u)  does  not  intersect  g{t,v). 

Lemma  2.5.4   There  is  at  most  one  point  equidistant  from  three  distinct  sites. 
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Proof:  Suppose  to  the  contrary  that  points  u  and  v  are  both  equidistant  from  sites 
r,s,t.  First  note  that  r,s,t  cannot  lie  on  a  common  geodesic,  for  if  say  r  €  g(s,t) 
then  by  Lemma  2.2.1,  d^ir)  <  ma,x{d^{s),d^^{t)).  Hence  r,s,t  are  extreme  points  of 
{r,s,t}. 

We  claim  that  r,s,t  are  extreme  points  of  {r,s,t,u}  (and  also  of  {r,s,t,v]).  In 
order  to  demonstrate  this,  we  show  r  ^  R{{s,t,u}).  Now  r  does  not  lie  on  g{u,s)  or 
g{u,t),  else  5  or  i  would  be  further  from  u  than  r.  As  argued  before,  r  does  not  lie 
on  g{s,t).  If  r  is  in  the  interior  of  R{{s,t,u})  then  by  the  Triangle  Lemma,  g{u,f) 
intersects  g{s,t),  where  f  is  a  shadow  of  g{u,r).  But  then  using  Lemma  2.2.1  again, 
we  would  have  du{r)  <  ma.x{du{s),d^{t)). 

Now  suppose  one  of  u  and  v,  say  u,  is  extreme  in  R{{r,s,t,u,v}).  Hence  r,  s,  t,  u 
are  extreme  in  R{{r,s,t,u});  assume  that  they  appear  in  that  counterclockwise  or- 
der. By  Lemma  2.3.6,  r  G  U[u,s],  t  G  U[s,u],  and  r, i  0  g{u,s).  It  must  be  that 
g{u,s)  =  g{u',s)  intersects  either  g{v,r)  or  g{v,t),  assume  it  is  g{v,t).  To  obtain  a 
contradiction  of  Corollary  2.5.3,  we  show  that  in  fact  g{u,s)  intersects  g{v,t).  Now 
uu'  intersects  R{{r,  s,t,u,v})  only  at  u  since  u  is  extreme  in  R{{r,  s,t,u,v}).  Hence 
uu'  is  disjoint  from  R{{r,s,t,v}).  Also  55  intersects  R{{r,s,t,v})  only  at  s,  since  5 
is  extreme  in  R{{r,s,t,v})  and  some  portion  of  ^(ti,5)  must  lie  in  /?({r,  5,<}),  hence 
in  R{{r,s,t,v]).  Since  giv,t)  C  R{{r,s,t,v}),  g{v,t)  must  intersects  g{u,s). 

If  neither  u  nor  v  is  extreme  in  R{{r,s,t,u,v])  then  both  u,f  €  R{{r,s,t}) 
and  the  proof  is  similar.  Geodesies  g{u,r),  g{u,s),  and  g{u,t)  spHt  R{{r,s,t})  into 
three  geodesic  triangles.  Hence  v  lies  in  one  of  the  triangles  which  again  implies  a 
contradiction  of  Corollary  2.5.3.  ^  D 

Remark:  Unlike  standard  Euclidean  geometry,  where  a  point  equidistant  from 
three  sites  always  exists  (unless  the  sites  are  coUinear),  this  need  not  be  the  case  with 
respect  to  the  geodesic  distance,  intuitively  because  the  desired  point  may  have  to  lie 
outside  of  the  universe  U.  For  example,  even  if  U  is  convex,  so  that  the  Euclidean 
and  the  geodesic  metrics  coincide,  the  point  equidistant  from  three  nearly-collinear 
sites  lies  arbitrarily  far  from  them  and  in  particular,  may  land  outside  of  U. 
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2.6     Proximity  Considerations 

Having  explored  the  immediate  implications  of  the  general  position  assumption,  we 
finally  come  to  consider  some  crucial  metric  properties  of  geodesic  geometry  in  a 
simple  polygon.  Namely,  we  introduce  the  notion  of  a  bisector  and  study  the  (almost 
trivial)  closest-site  and  furthest-site  geodesic  Voronoi  diagrams  of  two  sites  in  U]  they 
correspond  to  a  natural  partition  of  U  induced  by  the  distance  functions  from  these 
two  sites.  The  next  two  Chapters  are  concerned  exclusively  with  the  structure  and 
complexity  of  the  two  Voronoi  diagrams  of  a  general  set  of  point  sites  and  efficient 
procedures  for  their  computation. 

The  bisector  b{s,t)  of  two  distinct  sites  5  and  t  is  {x  £  U  \  d,{x)  =  dt{x)}  and 
the  half  space  closer  to  s  than  t,  H{s,t),  is  {x  ^  U  \  d,{x)  <  dt{x)}.  Clearly  H{s,t), 
b{s,t),  and  H{t,s)  form  a  partition  of  U.  A  breakpoint  of  b{s,t)  is  the  intersection 
of  b{s,t)  with  a  shortest  path  partition  edge  from  s  or  t.  Figure  2.10  indicates  the 
bisectors  of  three  points,  with  breakpoints  marked.  Notice  that  we  define  two  distinct 
notions  corresponding  to  Euclidean  half  plane-one  to  represent  the  portion  of  U  cut 
off  by  a  "straight  line"  (cf.  Section  2.1)  and  one  to  reflect  the  natural  partition  of 
U  induced  by  the  distances  to  two  distinct  sites.  The  remainder  of  this  Section  is 
devoted  to  the  properties  of  the  bisectors  and  half  spaces  under  the  assumption  of 
general  position.  We  show  that  a  bisector  is  a  smooth  connected  curve  that  stays  away 
from  dU  except  for  its  endpoints  and  a  half  space  is  star-shaped  (with  respect  to  the 
site  it  contains)  and  therefore,  connected  and  simply-connected.  Note,  however,  that 
a  half  space  is  in  general  not  relatively  convex. 

A  set  Q  C  t/  is  star-shaped  around  x  E  U  (with  respect  to  the  geodesic  metric) 
if  g{x,y)  C  Q  whenever  y  £  Q.  By  an  argument  identical  to  that  of  Lemma  2.3.1,  a 
star-shaped  subset  of  U  is  necessarily  simply  connected. 

Lemma  2.6.1   For  any  two  sites  s  and  t  in  general  position  and  any  x  E  b{s,t): 

1.  g{s,x)-{x]  CH{s,t), 


39 


Figure  2.10:  Bisectors;  dots  indicate  breakpoints. 

2.  for  any  extension  g{s,y)  of  the  geodesic  g{s,x),  g{x,y)  —  {x}  C  H{t,s),  and 

3.  for  any  point  y  E:  U ,  g{s,y)  intersects  b{s,t)  in  at  most  one  point. 

Proof:  Once  again,  notice  that  the  Lemma  is  false  in  absence  of  the  general  position 
assumption  (cf.  Figure  2.9). 

(1)  Suppose  there  exists  a  point  y  G  g{s,x)  —  {x}  that  does  not  lie  in  H{s,t).  Then 
diiy)  >  dt{y)  while  d,{x)  =  dt{x),  which  implies  g{y,  t)r\g{x,  5)  =  0  by  Lemma  2.5.2 — 
a  contradiction. 

(2)  Suppose  there  exists  an  extension  g{s,y)  of  g{s,x)  so  that  y  ^  x  and  y  ^  H{t,  s). 
Then  ds[y)  <  dt{y),  contradicting  Lemma  2.5.2,  as  (/^(x)  =  dt{x)  and  x  G  g{s,y)  n 
g{x,t). 

(3)  Immediate  from  (1).  □ 

Corollary  2.6.2  Both  H{s,t)  and  H{s,t)  U  b{s,t)  are  star-shaped  around  s. 

Corollary  2.6.3  For  any  x  G  b{s,t)  —  dU ,  there  are  points  of  both  H{s,t)  andH[t.s) 
arbitrarily  close  to  x.   Thus  b{s,t)  is  the  relative  boundary  of  both  H{s,t)  and  H{t.s). 

Lemma  2.6.4  Bisector  b{s,t)  is  a  smooth  curve  connecting  two  points  on  dU  and 
having  no  other  points  in  common  with  dU .  It  is  the  concatenation  of  line  segm(7}t> 
and  hyperbolic  arcs;  the  points  where  such  arcs  meet  are  precisely  the  breakpoints  of 
b{s,t).   The  tangent  to  b{s,t)  at  x  bisects  the  angle  between  0{x,s)  and  9{x,t). 
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Figure  2.11:  An  illustration  to  the  proof  of  Lemma  2.6.4 


Proof:  Refer  to  Figure  2.11.  First  of  all,  observe  that  H{s,t)  is  connected  to  dU 
since,  for  any  foreshadow  5*  of  g{s,t),  d,{s')  <  dt{s').  Similarly,  H{t,s)  is  connected 
iodU. 

Partition  U  into  polygonal  regions  by  removing  from  it  \Ja^v{Pa{s),Pa{t)}-  Let  Q 
be  the  closure  of  one  of  the  resulting  regions.  By  construction,  there  are  two  anchors 
s  and  t  such  that,  for  any  point  x  in  Q,  d{s,x)  =  d{s,s)  +  \s  —  x\  and  d{t,x)  = 
d{t,t)  +  1^  —  x|,  where  points  are  regarded  as  vectors  and  |...|  denotes  the  Euclidean 
norm.  Thus  the  condition  that  x  lie  on  6(5,  t)  is  equivalent  in  Q  to  d{s,  i)  +  |i  —  x|  = 
d{t,t)  +  |i  —  x|.  Notice  that,  if  b{s,t)  meets  Q,  s  ^  i,  as  otherwise  the  reflex  vertex 
s  =  t  would  be  equidistant  from  s  and  t,  violating  the  general  position  assumption. 
Therefore,  6(5,  t)r\Q  consists  of  zero  or  more  arcs  of  a  hyperbola  T  with  foci  s  and  t. 
r  is  a  straight  line  if  d{s,s)  =  d{t,t).  By  elementary  analytic  geometry,  the  tangent 
to  F  bisects  the  angle  between  the  directions  to  s  and  to  i.  (It  is  also  possible  for 
T  f)  Q  to  contain  isolated  points.) 

Hence  b{s,t)  is  the  union  of  (relatively  closed)  straight  and  hyperbolic  arcs  and 


41 


discrete  points.  It  can  be  thought  of  as  an  embedded  planar  graph  whose  removal 
from  U  breaks  U  into  exactly  two  connected  components,  najnely,  H{s,t)  and  H{t,s). 
First  of  all,  observe  that  6(3,  t)  cannot  contain  cycles,  for  otherwise  one  of  the  two  half 
spaces  will  be  separated  from  dU.  Note  that  a  cycle  touching  dU  is  excluded  as  well, 
as  otherwise  the  enclosed  half-space  would  not  contain  a  single  point  of  dU.  Second, 
no  component  of  b{s,t)  can  be  confined  to  the  interior  of  U,  as  that  would  mean  that 
one  of  the  half  spaces  is  not  simply  connected.  In  addition,  by  Corollary  2.6.3,  6(5,  t) 
cannot  have  degree- 1  vertices  in  the  interior  of  U,  meet  dU  in  more  thaji  a  discrete 
set  of  points,  or  have  isolated  vertices,  for  otherwise  there  would  exist  points  on  b{s,t) 
that  are  not  limit  points  of  both  H{s,t)  and  H{t,s).  Thus  b{s,t)  is  a  forest  with  all 
leaves  on  dU.  In  particular,  it  must  be  a  single  path,  as  its  removal  breaks  U  into 
two  connected  components. 

Finally,  the  directions  ^(1,5)  and  6{x,t)  vary  continuously  along  6(5,  i),  so  the 
angle  bisection  property  of  the  individual  hyperbolic  arcs  also  holds  at  their  joining 
points,  implying  that  the  individual  arcs  are  "glued  together"  smoothly.  □ 

Corollary  2.6.5  Given  x  G  b{s,t),  9{x,s)  and  —d{x,t)  enter  H{s,t)  at  x,  while 
—6{x,s)  and  6{x,t)  enter  H{t,s)  (if  they  stay  within  U). 

Note:  The  fact  that  the  bisector  of  two  sites  is  a  smooth  curve  whose  tangent  bisects 
the  angle  between  the  directions  to  the  two  sites  is  quite  general.  Not  only  does  it 
(obviously)  hold  for  point  sites  in  the  Euclidean  metric,  but  it  continues  to  hold  for 
arbitrary  convex  sites  in  the  Euclidean  plane[LS87a]. 

Corollary  2.6.6  The  intersection  b{s,t)r\pa.[s)  consists  of  at  most  one  point.  If  they 
do  intersect,  say,  at  point  x,  Pa(-s)  cannot  be  tangent  to  b{s,t)  at  x. 

Proof:  The  first  claim  is  immediate  from  Lemma  2.6.1(3).  By  Lemma  2.6.4,  p^is) 
being  tangent  to  b{s,t)  at  x  would  force  ^(x,5)  =  6{x,t),  contradicting  Lemma  2.5.1. 
D 


Chapter  3 

Closest-Site  Geodesic  Voronoi 
Diagram 


In  this  Chapter  we  present  an  algorithm  which  calculates  the  closest-site  Voronoi 
diagram  of  a  set  S  oi  k  point  sites  in  a  simple  polygon  U  with  n  vertices,  defined  in 
terms  of  the  geodesic  metric.  Our  algorithm  runs  in  time  0{{n  +  k)  log(n  +  A:)  log  rj ). 
which  is  within  a  logarithmic  factor  of  optimal  and  an  order  of  magnitude  faster  than 
a  previous  algorithm  of  [AA87]  (see  the  discussion  below;  the  lower  bound  is  argued 
in  Section  4.3). 

A  notable  property  of  the  geodesic  metric  is  that  calculation  of  the  shortest  path 
between  two  points  is  not  an  easy  operation  and,  without  preprocessing,  must  lake 
S7(n)  time  in  the  worst  case.  Also,  a  geodesic  bisector  of  two  sites  is,  in  the  worst  case, 
the  concatenation  of  0(n)  distinct  straight  and  hyperbolic  arcs,  which  may  at  first 
sight  suggest  that  the  worst-case  overall  complexity  of  the  geodesic  Voronoi  diagram 
is  Q{nk).  Fortunately,  this  is  not  the  case,  and  we  show  that  the  total  size  of  thf^ 
diagram  is  only  0(n  +  k),  where  only  0{k)  of  the  diagram  vertices  are  "true"  (degree 
3)  vertices.  Roughly  speaking,  the  diagram  can  be  refined  by  subdividing  the  cell  of 
each  site  s  £  S  according  to  the  shortest  path  partition  from  s  (cf.  Section  2.2):  t la- 
refined  diagram  can  then  be  regarded  as  the  union  of  all  these  shortest  path  partition 
edges,  truncated  to  their  corresponding  Voronoi  cells  and  separated  from  each  other 
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by  Voronoi  edges. 

The  best  previously  known  algorithm  for  constructing  the  closest-site  geodesic 
Voronoi  diagram  of  k  point  sites  inside  a  simple  polygon  with  n  corners  is  due  to 
Asano  and  Asano  [AA87];  it  runs  in  time  0{nk  +  n  log  log  n  +  klogk).  The  feature 
of  their  algorithm  that  necessitates  quadratic  T;ime  is  the  explicit  construction  of 
the  shortest  path  tree  for  the  full  polygon  from  each  site.  As  these  trees  are  easily 
seen  to  have  a  total  of  nk  distinct  edges  in  the  trivial  case  of  a  convex  polygon, 
the  (worst-case)  quadratic  bound  on  the  running  time  of  the  algorithm  follows.  We 
have  circumvented  this  problem  by  never  building  the  full  shortest  path  tree  of  the 
polygon  for  each  of  the  sites,  instead  the  tree  (actually,  the  closely  related  shortest 
path  partition  of  U)  from  each  site  is  constructed  only  for  the  part  of  the  polygon 
that  can  conceivably  lie  in  the  Voronoi  cell  of  the  site. 

Our  algorithm  uses  a  familiar  divide-and-conquer  strategy  for  obtaining  the  closest- 
site  geodesic  Voronoi  diagram.  However,  peculiarities  of  the  geodesic  metric  neces- 
sitate a  somewhat  non-standard  implementation  of  this  strategy.  For  example,  to 
avoid  constructing  the  shortest  path  trees  from  every  site,  the  relatively  standard 
merge  step  must  be  preceded  by  a  step  that  extends  a  recursively  computed  diagram 
of  the  subset  of  sites  inside  half  the  polygon  to  the  full  polygon.  The  extension  phase 
is  the  least  conventional  part  of  our  algorithm  and  requires  sweeping  the  triangulation 
of  the  polygon  by  a  polygonal  scan-line. 

Section  3.4  describes  a  simpler  algorithm  that  can  be  used  to  compute  the  geodesic 
Voronoi  diagram  in  time  0{{n  +  k)  log(n  +  k)),  if  the  set  S  of  sites  contains  all  reflex 
vertices  of  U.  In  this  case,  Voronoi  cells  are  (Euclidean)  star-shaped  and  we  are  able 
to  exploit  this  property  to  speed  up  the  calculation  of  the  diagram. 

Possible  applications  of  our  algorithm  include  the  closest  pair  problem,  fhe  post 
office  problem  and  all-nearest-neighbors  problem  in  the  context  of  a  polygonal  uni- 
verse, such  as  a  (polygonal)  island  with  no  interior  lakes  or  a  polygonal  factory  floor. 
It  is  likely  that  other  planar  point  location  and  proximity  problems  whose  solutions 
employ  Euclidean  Voronoi  diagram  could  be  generalized  to  questions  about  internal 
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metric  in  a  simple  polygon  and  could  take  advantage  of  our  algorithm.  For  example, 
one  might  wish  to  investigate  how  the  analogues  of  a  "Delaunay  triangulation"  and 
"minimum  spanning  tree"  behave  in  the  context  of  the  geodesic  metric.^ 

We  start  this  Chapter  by  presenting  the  definition  of  the  closest-site  geodesic 
Voronoi  diagram  and  some  of  its  more  importajit  geometric  properties  (Section  3.1) 
and  proceed  to  a  detailed  analysis  of  its  fine  structure  and  complexity  (Section  3.2). 
We  prove  that  the  complexity  of  the  diagram  is  0{n  +  k)  in  the  sense  that  it  can 
be  described  as  a  union  of  that  many  openly  disjoint  objects,  each  of  complexity 
bounded  by  a  constant.  Section  3.3  gives  a  detailed  description  of  our  algorithm  for 
constructing  the  diagram.  Section  3.4  outlines  a  simplified  version  of  the  algorithm 
for  producing  the  closest-site  geodesic  Voronoi  diagram  for  a  set  of  sites  that  includes 
all  reflex  corners  of  the  polygon.  Section  4.3  mentions  some  related  open  problems. 

3.1      Definitions 

Recall  that  the  universe  U  is  a.  compact  region  in  the  plane  whose  boundary  diJ  is  a 
simple  n-gon.  Let  V  denote  the  set  of  its  corners,  and  let  5  C  fy'  be  a  set  of  k  point 
sites.  The  (geodesic  closest-site)  Voronoi  ce// of  site  s  is  Vij{s)  =  Cl^:^,  H{s,t).  The 
(geodesic  closest-site)   Voronoi  diagram  V  =  Vu{S)  is 

{x  G  b{s,t)  \  s,t  ^  S  and  d,{x)  =  min dr{x)}. 

Whenever  it  does  not  cause  ambiguities,  we  will  omit  U  and  S  in  the  above  notation. 
Figure  3.1  shows  the  Voronoi  diagram  and  Voronoi  cells  of  three  points.  Notice  that, 
if  U  is  convex,  V  coincides  with  the  standard  Euclidean  Voronoi  diagram  truncated 
to  within  U.  A  Voronoi  edge  e{s,t)  is 

e{s,t)  =  Vnbis,t)  =  b{s,t)n   f]  {H{s,r)U  b{s,r)). 


^One  generalization  of  Delaunay  triangulation  (briefly  discussed  in  Section  3.4)  was  investigated 
by  Lee  and  Lin  [LL86],  who  defined  it  directly,  and  not  as  the  dual  of  the  V'oronoi  diagram 
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Figure  3.1:  Closest-site  geodesic  Voronoi  diagram. 

If  the  intersection  consists  of  more  than  one  point  (else  we  will  say  that  e{s,t)  does 
not  exist).  Notice  that,  under  the  general  position  assumption,  as  edge  is  indeed  a 
one-dimensional  object.  A  (Voronoi)  vertex  is  a  point  x  G  V  which  has  three  or  more 
sites  simultaneously  closest  to  it.  By  Lemma  2.5.4,  there  is  at  most  one  such  point 
X  for  each  triple  of  sites.  A  hitpoint  is  the  intersection  of  a  Voronoi  edge  with  dU. 
Intuitively,  a  hitpoint  corresponds  to  the  "point  at  infinity"  of  an  infinite  Voronoi 
edge  in  a  Euclidean  closest-site  Voronoi  diagram. 

Lemma  3.1.1  Each  Voronoi  edge  e{s,t)  is  connected  and  has  vertices  or  hitpoints 
as  endpoints. 

Proof:  Suppose  r,s,t  are  distinct  sites.  Since  d^  is  continuous,  a  connected  compo- 
nent of  b{s,  t)n{H{s,r)[Jb{s,  r))  must  have  for  each  of  its  endpoints  either  an  endpoint 
of  6(s,  i),  i.e.,  a  hitpoint,  or  a  point  equidistant  from  s,t,r.  But  by  Lemma  2.5.4,  there 
is  at  most  one  point  equidistant  from  s,i,r,  so  b{s,t)  n  {H{s,r)  U  b{s,r))  consists  of 
a  single  connected  component.  Hence  also  e(s,  t)  =  b{s,  t)  n  f)^^,ti^{s,  r)  U  b{s,  r))  is 
connected  and  ha^  hitpoints  or  vertices  for  endpoints.  CD 
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Lemma  3.1.2  Suppose  that  si, ...,  Sh,  s^+i  =  si  are  the  sites  closest  (and  thus  equidis- 
tant) from  vertex  v,  and  that  directions  0{v,si),  ...,6{v,Sh)  are  in  counterclockwise 
order.  Then,  for  each  i,  edge  e(s,,  5,+i)  is  incident  to  v  and  extends  away  from  v  in 
direction  bisecting  Zs,t;5,+i,  if  that  direction  (locally)  stays  inside  U. 

Proof:  Elementary  analysis,  using  V„<f,,(u)  =  —0{v,Si).  D 

The  objective  of  our  aJgorithm  is  to  obtain  the  decomposition  of  U  into  Voronoi 
cells  or,  equivalently,  compute  V  cis  a  planar  embedded  graph.  Observe  that  applying 
known  techniques  for  planar  point  location  to  such  a  planar  map  allows  efficient 
computation  of  the  set  of  aJl  sites  closest  to  am  arbitrary  query  point  x  ^  U. 

Lemma  3.1.3  Both  V{s)  and  C\{V{s))  =  f]^^,  H{s,  t)Ub(s,  t)  are  star-shaped  around 
s,  where  CI  denotes  the  closure  of  a  set. 

Proof:  Star-shapedness  is  immediate  from  Corollary  2.6.2.  The  form  of  Cl(V(s)) 
follows  from  Lemma  2.6.1.  D 

For  a  proof  of  the  fact  that,  for  a  rather  large  class  of  distance  measures,  the 
Voronoi  cell  V{s)  of  a  (point)  site  s  is  always  star-shaped  around  s  with  respect  to 
the  distance  used  to  define  V{s),  see,  for  example,  [Aur88]. 

3.2     Fine  Structure  of  the  Diagram 

Since  Voronoi  cells  are  connected,  V  U  dU  is  a  planar  map  with  k  bounded  faces  and 
all  vertices  of  degree  at  least  three.  Hence,  by  Euler's  formula,  the  number  of  Voronoi 
edges  and  vertices,  as  well  as  hitpoints,  is  only  0{k).  However,  this  estimate  does 
not  faithfully  reflect  the  (size)  complexity  of  V,  as  a  Voronoi  edge  may  consist  of  as 
many  as  0(n)  hyperbolic  and  straight  arcs,  joined  at  breakpoints. 

Let  us  estimate  the  total  number  of  breakpoints  on  Voronoi  edges.  We  claim  that 
the  number  of  such  points  is  0{n),  thus  bounding  the  total  complexity  of  the  map  in 
question  by  0{n  +  k),  and  proving  that  the  size  of  the  desired  Voronoi  diagram  is  linear 
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Figure  3.2:  Refined  Voronoi  diagram  of  the  sites  of  Figure  3.1. 


in  the  size  of  the  input.  Roughly  speaking,  we  augment  the  planar  map  induced  by  V 
by  adding  to  it  the  shortest  path  partition  segments  Pa{s)  truncated  to  V{s),  for  each 
5  G  5.  Segments  Pa{s)  that  do  not  intersect  V{s)  are  simply  discarded.  Note  that 
segment  Pa{s)  is  not  discarded  if  and  only  if  a  €  ^(5)  (Figure  3.2).  More  formally, 
we  define  a  refinement  of  the  Voronoi  partition,  obtained  by  further  subdividing  each 
Voronoi  cell  V{s)  by  the  shortest  path  partition  from  s.  Each  bounding  edge  of  a 
refined  Voronoi  cell  is  a  line  segment  or  a  section  of  a  single  hyperbolic  arc.  The  main 
consequence  of  this  construction  is  a  linear  bound  on  the  complexity  of  the  refined 
Voronoi  diagram.  This  implies  an  0{n  +  k)  bound  on  the  complexity  of  the  Voronoi 
diagram  itself. 

The  refined  Voronoi  cell  of  site  s  with  anchor  a,  V^{s),  is  V{s)  n  Pa{s).  The 
refined  bisector  edge  elf,{s,t)  is  e{s,t)r]  Pa{s)r\  Pb(t).  The  refined  partition  edge  (from 
s  with  anchor  a),  pl{s),  is  V{s)  npa{s).  A  refined  Voronoi  edgeis  a  refined  bisector 
edge  or  a  refined  partition  edge.  Observe  that  distinct  refined  Voronoi  edges  are 
disjoint  (except  possibly  at  their  endpoints).   Empty  refined  Voronoi  cells  and  edges 
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and  refined  Voronoi  edges  consisting  of  a  single  point  are  disregarded. 

Suppose  e^(,(5,<)  is  not  empty.  It  is  easy  to  see  that  each  endpoint  of  e*(,(s,t)  is 
either  a  vertex  of  V,  a  hitpoint,  or  a  breakpoint.  Moreover,  elj,{s,t)  does  not  contain 
breakpoints  (except  possibly  as  endpoints)  and  is  connected,  as  b{s,t)  visits  each 
Pa{s)  at  most  once  (by  Lemma  2.6.4  and  Corollary  2.6.6).  Consequently  el^(s,t)  is  a 
hyperbolic  arc  or  a  line  segment. 

Lemma  3.2.1  Either  p\[s)  is  empty,  or  it  is  all  of  pa{s),  or  it  has  an  open  endpoint 
at  a  breakpoint  of  e{s,t)  for  some  site  t  and  closed  endpoint  at  a.  (The  latter  two 
cases  are  illustrated  in  Figure  3.2.) 

Proof:  Suppose  p'^[s)  is  not  empty  and  is  not  all  of  pa(5)  =  ay  (where  y  G  dU).  Then 
Pa{s)  must  intersect  some  edge  e{s,t)  the  first  time  it  leaves  V[s).  By  Lemma  2.6.1, 
the  intersection  is  a  single  point  x,  and  by  star-shapedness  of  V[s)  and  C\{V[s)), 
p*a{s)  =  ax  —  {x}  is  contained  in  V{s).  □ 

The  refined  (closest-site  geodesic)  Voronoi  diagram  VIj{S)  is  the  union  of  the 
refined  Voronoi  edges. 

Recall  that  the  breakpoints  of  bisector  6(s,  t)  are  the  points  where  it  meets  either 
a  segment  Pais),  for  some  a  6  H{s,t)  or  a  segment  pb{t),  for  some  b  €  H{t,s).  An 
easy  induction  implies  that  breakpoints  of  e{s,t)  occur  precisely  at  the  points  where 
it  meets  Pa{s)  for  some  a  G  V{s)  or  pt,{i)  for  some  6  G  V'(0-  ^^  ^^e  former  case 
p'^(s)  =  V{s)  r\  pa{s)  is  neither  empty  nor  all  of  Pa{s);  the  latter  case  is  symmetric. 
Hence  each  breakpoint  of  e{s,t)  is  incident  with  (at  least)  one  refined  partition  edge. 
However,  any  corner  a  lies  in  exactly  one  Voronoi  cell  and  has  at  most  one  refined 
partition  edge  emanating  from  it  (namely,  pI{s)).  Hence  there  are  no  more  than  0(n ) 
breakpoints. 

Theorem  3.2.2  The  complexity  of  V[;{S)  (and  thus  ofVu{S))  is  0{n  +  k)  where  n 
is  the  number  of  comers  of  U  and  k  =  \S\. 


50 

3.3      The  Algorithm 

We  begin  this  Section  with  an  overview  of  our  algorithm  for  computing  the  (refined) 
geodesic  Voronoi  diagram  V*  of  a  set  of  sites  5  in  a  simple  polygon  U.  The  steps 
that  require  more  detailed  treatment  are  discussed  at  greater  length  in  the  following 
subsections. 

Algorithm  3.1 

Input:  A  compact  region  U  bounded  by  a  simple  n-gon  and  a  set  S  C  ^  of  A;  point 

sites  in  general  position. 

Output:  The  refined  closest-site  geodesic  Voronoi  diagram  V^{S). 

1.  Preprocessing 

(i)  Triangulate  U  in  0(n  log  n)  time  [GJPT78]. 

(ii)  Identify  the  triangle  containing  each  site  in  total  0{{n  +  k)  logn)  time  by 
using  an  appropriate  planar  point  location  algorithm  (e.g.,  that  of  [ST86]). 

(iii)  In  O(nlogn)  time  compute  a  balanced  decomposition  of  the  triangulation 
tree  [Cha82]  so  that  U  can  be  recursively  cut  by  a  chord  into  two  parts 
each  having  at  least  one  quarter  of  the  number  of  sides,  in  constant  time 
per  cut  (see  also  [GHL*87]). 

2.  Recursive  body 

(i)  If  S  consists  of  a  single  site  s,  Vc/(5)  is  empty.  There  is  a  single  cell 
Vu{s)  =  U.  V^(5)  =  UPa('S),  where  a  ranges  over  all  reflex  vertices  of 
U,  is  then  computed  by  utilizing  the  linear-time  shortest  path  partition 
construction  of  [GHL*87];  otherwise 

(ii)  If  t/  is  a  triangle,  V  =  V*.  Compute  the  Euclidean  closest-site  Voronoi 
diagram  of  S  in  0{k  log  k)  time  and  truncate  it  to  U  in  0{n)  time,  recording 
the  intersections  of  the  Voronoi  edges  with  dU;  otherwise 
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(iii)  Split  U  hy  a,  chord  into  two  roughly  equal  polygons  Ul  and  Up,  and  divide 
S  into  Sl  and  Sn  with  Sl  C  Ul  and  Sr  C  Ur.  This  can  be  accomplished 
in  constant  time,  as  a  balanced  decomposition  of  U  has  been  precomputed 
and  the  sites  are  already  associated  with  the  triangles  containing  them,  so 
that  partitioning  5  is  implicit  and  requires  no  processing. 

(iv)  Recursively  compute  Vy^iSi)  and  Vy^{Sn). 

(v)  Extend  V^^(Sfl)  to  V^(5h)  and  V^^(5i)  to  V^(5l)  in  0((n  +  ^)  log(n  +  ^)) 
time  as  described  in  Section  3.3.1. 

(vi)  Compute  V^(5)  by  merging  V^(5l)  and  VyiSp)  in  0{n  +  k)  time.  The 
details  of  this  step  can  be  found  in  Section  3.3.2. 

In  part  2  of  the  algorithm,  if  either  Si  or  Sr  is  empty,  omit  the  corresponding 
recursive  call  and  skip  the  merge  phase. 

As  preprocessing  takes  0{{n  +  A:)logn)  time  and  the  recursive  part  is  called  on 
two  subproblems  of  sizes  {/3n,ki)  and  ((1  -  (3)n,k2),  respectively,  where  ki  -\-  k^  =  k 
and  J  <  a  <  |,  with  the  solution  obtained  from  partial  solutions,  if  any,  in  time 
0{{n  +  k)\og{n  +  k)),  a  simple  recurrence  bounds  the  running  time  of  the  algorithm 
by  0{{n  +  A:)log(n  +  A:)logTi),  as  claimed.  Observe  that  our  algorithm  divides  U 
into  roughly  equal  parts,  while  the  standard  divide-and-conquer  approach  to  the 
computation  of  Voronoi  diagrams  splits  the  set  of  sites. 

3.3.1      Extending  the  Diagram 

In  this  Section  we  will  describe  a  procedure  implementing  step  2(v)  of  Algorithm  3.1. 
It  computes  the  refined  closest-site  geodesic  Voronoi  diagram  for  a  set  of  sites  in  a 
simple  polygon  U  given  the  diagram  for  the  same  sites  in  a  subpolygon,  where  the 
subpolygon  was  obtained  by  cutting  U  along  a  chord,  as  in  step  2(iii)  of  .Algorithm  3.1. 
Let  ?7  be  a  closed  region  bounded  by  a  simple  n-gon.  Assume  that  a  triangulation 
of  U  is  available  and  let  e  be  a  chord  of  the  triangulation.     Denote  (the  closures 
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of)  the  two  polygonal  regions  into  which  e  cuts  U  by  Ui  and  U2.  Suppose  5  is  a 
set  of  k  sites  in  Ui.  We  will  describe  an  algorithm  for  extending  V^j(5)  to  f/2  and 
thereby  obtaining  V*  =  V^(5).  Extension  of  the  refined  Voronoi  diagram  proceeds  by 
traversing  the  triangulation  tree  of  U2  (which  is  the  planar  graph  whose  vertices  are 
triangles  and  in  which  two  triangles  are  connected  by  an  edge  whenever  they  share  an 
edge  of  the  triangulation)  in  a  top-down  manner  starting  from  the  triangle  adjacent 
to  e.  "Visiting"  a  triangle  A  involves  extending  the  refined  Voronoi  diagram  to  A  and 
preparing  the  data  structures  for  further  extension  to  unvisited  triangles  adjacent  to 
A.  Construction  of  the  refined  Voronoi  diagram  in  the  interior  of  A  is  performed  by 
a  sweeping  algorithm.  Before  we  describe  the  algorithmic  details,  some  properties  of 
V  restricted  to  U2  need  to  be  examined.  In  particular,  we  will  show  that  the  edge 
structure  of  Vy{S)  in  the  interior  of  U2  is  a  forest  constructible  by  sweeping. 

Consider  the  Voronoi  diagram  V  =  Vu{S).  Recall  that  V  and  V*  are  planar 
embedded  graphs.  In  particular,  we  will  define  V  =  V  D  U2  =  Vu{S)  —  Vui{S)  as 
the  graph  V  restricted  to  1/2.,  i.e.,  V  with  vertices  lying  outside  of  U2  deleted  and 
edges  leaving  f/j  truncated  down  to  their  points  of  intersection  with  e.  We  define 
V*  =  V  n  C/2  =  ^u{S)  -  V^,(5)  similarly.  For  an  illustration,  see  Figure  3.3. 

Lemma  3.3.1   V  is  a  forest  (i.e.,  a  cycle-free  undirected  graph)  with  leaves  on  dU2. 

Proof:  Suppose  it  contains  a  non-trivial  cycle.  Since  we  identify  V  with  its  embedding 
in  U,  we  may  speak  of  a  minimal  simple  cycle  7-one  whose  closure  does  not  contain 
another  cycle.  In  particular,  the  interior  of  7  contains  a  connected  component  of 
U  —  V,  I.e.,  a,  cell  of  the  Voronoi  diagram.  Thus  there  is  a  Voronoi  cell  V{s)  entirely 
contained  in  the  interior  of  U2.  However,  by  Lemma  3.1.3,  ^(5)  is  a  relatively  open 
set  containing  5,  contradicting  the  assumption  5  C  f/i-  Q 

Corollary  3.3.2  V'  is  a  forest  with  leaves  on  dU2. 

Proof:  Since,  in  terms  of  its  embedding  in  U,  V*  differs  from  V  only  by  the  refined 
partition  edges,  it  is  sufficient  to  show  that  such  edges  can  never  close  a  cycle  in  V. 
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Figure  3.3:  The  structure  of  V*. 


(b) 


Figure  3.4:  Degenerate  refined  partition  segments.  In  both  cases,  pa{s)  is  degenerate. 

It  is  clearly  enough  to  establish  that  for  any  fixed  site  5,  no  connected  component  of 
ria€V(3)Cl(p*(5))  meets  V  twice.  First  of  all,  the  closure  of  a  refined  partition  edge 
Pais)  meets  V  in  at  most  one  point,  namely,  its  endpoint  furthest  from  s.  Hence  a 
single  Pa{s)  cannot  close  a  cycle  in  V.  As  refined  Voronoi  edges  are  disjoint  except 
for  their  endpoints,  it  is  easily  verified  that  the  only  way  in  which  closures  of  two 
refined  partition  edges  can  intersect  is  for  one  of  them  to  end  at  the  anchor  of  the 
other  (refer  to  Figure  3.4).  In  such  a  case,  as  there  is  at  most  one  refined  partition 
edge  emanating  from  any  reflex  corner,  any  connected  component  of  floevis)  C\{pl{s)) 
is  contained  in  a  single  geodesic  passing  through  s,  and  thus  still  meets  the  relative 
boundary  of  V{s)  exactly  once,  as  claimed.  D 
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For  convenience,  if  the  non-anchor  endpoint  of  a  refined  partition  edge  coincides 
with  the  anchor  of  another  edge,  we  will  think  of  the  two  endpoints  as  distinct.  Note 
that  this  situation  caji  only  occur  in  "degenerate"  configurations  when  either  three 
vertices  of  U ,  or  two  vertices  of  U  and  a  site  of  S  are  coUinear.  From  now  on  we  will 
think  of  the  closures  of  refined  partition  edges  as  effectively  pairwise  disjoint. 

We  now  proceed  to  analyze  the  structure  of  the  forest  V*  in  order  to  justify  the 
sweeping  algorithm  for  computing  it,  which  is  given  at  the  end  of  this  subsection.  To 
clarify  the  terminology  used  in  the  following  Lemmas,  let  us  describe  the  manner  in 
which  the  extension  algorithm  traverses  the  triangulation  of  U2-  It  starts  by  visiting 
the  triangle  of  U2  adjacent  to  the  edge  e  separating  Ui  from  U2.  In  general,  having 
entered  triangle  A  through  one  of  its  edges,  the  algorithm  marks  the  (at  most)  two 
unvisited  triangles  adjacent  to  A  for  later  traversal.  The  algorithm  advances  by  choos- 
ing an  arbitrary  marked  triangle  and  visiting  it.  "Visiting"  A  involves  constructing 
V*  in  A  and  preparing  the  data  structures  necessary  for  visiting  the  neighbors  of  A. 
The  advance  of  the  algorithm  can  be  compared  to  gradual  "flooding"  of  f/j,  triangle 
by  triangle. 

Lemma  3.3.3  Consider  a  triangle  A  which  was  entered  through  jts  side  f  in  pre- 
order  traversal  of  the  triangulation  tree  0/1/2  from  (the  triangle  incident  to)  e.  Let  x 
be  a  point  in  the  interior  of  A  on  an  edge  a  ofV'.  Then  the  line  p  tangent  to  a  at  x 
crosses  f. 

Proof:  The  Lemma  is  trivially  true  if  a  =  pl{s)  as  a  follows  the  shortest  path  from 
5  and  thus  must  enter  A  through  /-there  can  be  no  anchors  in  the  interior  of  A. 

Consider  aji  edge  a  =  eab{s,t)  (see  Figure  3.5).  Since  g{s,x)  and  g{t,x)  enter 
A  through  /  and  there  axe  no  anchors  in  the  interior  of  A,  the  last  links  of  both 
geodesies  cut  /.  But  by  Lemma  2.6.4  p  bisects  the  angle  between  6{x,s)  and  d{x,t), 
so  it  must  also  meet  /.  D 

Lemma  3.3.4  Let  A  and  f  be  as  above.  Then  all  edges  of  V  that  meet  f  intersect 
it  transversally. 
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Figure  3.5:  Illustration  to  the  proof  of  Lemma  3.3.3. 


Proof:  Let  /'  and  /"  be  the  two  remaining  sides  of  A.  Assume  e{s,t)  is  tangent  to  / 
at  X.  Note  that  x  is  an  interior  point  of  /  by  the  general  position  assumption.  Since 
neither  g{s,x)  nor  g{t,x)  meet  the  interior  of  A,  both  9{x,s)  and  6{x,t)  must  lie  in 
the  closed  half-plane  bounded  by  /  and  not  containing  A.  The  only  possible  way  of 
keeping  this  consistent  with  Lemma  2.6.4  that  states  that  the  tangent  to  e{s,t)  at  j, 
i.e.,  /,  must  bisect  the  angle  between  6{x,s)  and  9{x,t)  is  for  the  latter  two  vectors 
to  coincide  and  point  along  /,  contradicting  Lemma  2.5.1.  □ 

Notice  that  the  obvious  extension  of  the  previous  Lemma  to  all  edges  of  V'  does 
not  necessarily  hold,  since  a  refined  partition  edge  may  overlap  /.  Hereafter  we  will 
refer  to  such  refined  partition  edges  as  degenerate. 

We  now  proceed  to  define  a  "natural"  orientation  on  V*  (intuitively,  "away  from 
e,")  that  transforms  V*  into  a  root-directed  forest.  Orient  edges  of  V'  as  follows: 
Again,  let  A  be  a  triangle  of  U2  entered  through  edge  /.  Given  an  edge  cr,  a  point 
X  on  CT  in  the  interior  of  A  or  on  /  (but  not  coinciding  with  either  endpoint  of  /). 
the  tangent  p  to  cr  at  x  intersects  /  transversally.  Consider  the  traversal  of  a  that 
moves  (locally  at  x)  away  from  /  n  p  (Figure  3.6a).    In  case  x  €  /  direct  a  into 
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(b) 


Figure  3.6:  Orienting  the  edges  of  V*. 


A  (Figure  3.6b).  A  degenerate  refined  partition  edge  that  overlaps  /  is  oriented  so 
as  to  emanate  from  its  anchor.  We  claim  that  this  orientation  is  well-defined  and 
indeed  makes  V*  a  root-directed  forest.  It  is  suflacient  to  demonstrate  that  the  above 
convention  assigns  an  orientation  to  each  edge  independent  of  the  choice  of  point  x 
and  that  no  vertex  has  out-degree  greater  than  one. 

Lemma  3.3.5  The  orientation  of  any  edge  a  of  V*  is  well-defined,  i.e.,  there  is  a 
traversal  of  a  consistent  with  the  above  requirements  at  every  point  of  a. 

Proof:  It  is  clear  that  the  orientation  of  a  degenerate  refined  partition  edge  cannot 
be  inconsistent  as  it  is  defined  globally  rather  than  locally.  Consider  any  other  type 
of  edge  a.  Let  us  start  by  restricting  our  attention  to  a  triangle  A  entered  through 
its  side  /.  The  orientation  is  defined  in  terms  of  where  the  tangent  to  a  intersects  /. 
Whether  cr  is  a  refined  partition  edge  or  a  refined  Voronoi  edge,  it  is  smooth  and,  as 
point  X  moves  along  a,  the  tangent  to  cr  at  a:  continues  to  intersect  /  on  the  same  side 
of  the  point  of  tangency,  so  the  orientation  of  a  is  consistent  on  a  single  connected 
portion  of  cr  in  the  interior  of  A.  The  ambiguous  Ccise  of  the  tangent  coinciding  with 
/  is  excluded  by  Lemma  3.3.4.  Thus  it  is  sufficient  to  show  that  the  orientation  stays 


57 


consistent  when  crossing  chords  separating  triangles.  And  indeed  it  does,  for  suppose 
(7  crosses  the  edge  f  ^  f  separating  A  from  A'  (so  A'  must  be  entered  though  /').  By 
Lemma  3.3.4,  a  intersects  /'  transversally.  By  smoothness  of  bisectors  (Lemma  2.6.4), 
the  tangent  to  cr  at  cr  n  /'  still  meets  /.  According  to  our  definition  of  orientation, 
<7  will  be  oriented  outward  from  A  in  the  interior  of  A  near  /',  it  will  be  oriented 
from  A  to  A'  at  its  intersection  point  with  /'  and  it  will  be  oriented  inward  A'  in 
the  interior  of  A'  near  /',  thus  making  the  orientation  consistent  everywhere  along  a. 
Note  that  a  cannot  reenter  A,  cis  that  would  require  a  change  in  the  orientation  of  a 
between  two  consecutive  appearances  in  A.  D 

So  the  orientation  of  an  edge  is  well-defined.  Let  us  proceed  to  classify  the  vertices 
of  the  forest  V*  and  to  prove  that  the  orientation  indeed  yields  a  root-directed  forest. 
We  observe  that  the  leaves  of  the  directed  forest,  i.e.,  vertices  with  zero  in-degree  are 
exactly  the  points  of  intersection  of  V  and  e  together  with  reflex  corners  of  dU2  that 
are  anchors  of  refined  partition  edges  of  V*.  These  vertices  of  V*  indeed  have  degree 
one  and  their  incident  edges  are  directed  away  from  them.  An  internal  vertex  of  V' 
(i.e.,  neither  a  root  nor  a  leaf)  in  the  interior  of  A  has  out-degree  of  exactly  one,  as 
shown  by  the  following  Lemma.  The  case  of  an  internal  vertex  landing  on  a  chord  of 
the  triangulation  will  be  handled  separately  (see  the  note  following  Lemma  3.3.7). 

Lemma  3.3.6  Every  vertex  v  ofV'  in  the  interior  of  A  has  out-degree  one. 

Proof:  Suppose  there  are  two  or  more  edges  emanating  from  v.  Note  that  they  are 
refined  bisector  edges  and  thus  t;  is  necessarily  a  Voronoi  vertex,  for  refined  parti- 
tion edges  do  not  emanate  from  a  point  in  the  interior  of  U.  So  suppose  there  are 
two  or  more  refined  bisector  edges  leaving  v.  Choose  a  pair  of  adjacent  edges.  By 
Lemma  3.1.2,  the  two  edges  must  be  portions  of  e{s,t)  and  e(f,r),  for  some  sites  s, 
t,  r,  and  there  must  be  a  Voronoi  cell  Vu(t)  (locally)  wedged  between  them  (refer  to 
Figure  3.7a).  Note  that,  by  definition  of  orientation,  the  tangents  /j  to  b{s,t)  and 
I2  to  b{t,r)  at  V  intersect  /  when  extended  back  through  v.  By  construction,  V{t) 
is  (locally)  wedged  between  the  half-lines  of  /j  and  I2  extending  away  from  /  (see 
Figure  3.7a).    In  particular,  by  star-shapedness  of  V{s)  and  Cl(V(s)),  0{v,t)  must 
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/ 


Figure  3.7:  Internal  vertices  have  out-degree  1. 


point  into  the  wedge  W,  contradicting  the  fact  that  t  lies  on  /  or  on  the  side  of  / 
opposite  A. 

Suppose  there  is  no  edge  emanating  from  v.  If  v  is  a  breakpoint,  two  refined 
bisector  edges  join  smoothly  at  v,  thus  guaranteeing  the  presence  of  at  least  one 
outgoing  edge.  Hence  v  must  be  a  Voronoi  vertex.  As  V  has  no  leaves  in  the  interior 
of  A,  there  must  be  two  or  more  Voronoi  edges  incident  to  v.  Consider  the  tangents 
to  these  edges  at  v  and  choose  the  two  edges  whose  tangents  intersect  /  closest  to 
either  of  its  two  endpoints  (cf.  Figure  3.7b).  Similarly  to  the  above  argument,  the 
larger  wedge  at  v  bounded  by  the  two  edges  must  (locally)  belong  to  a  single  cell  V{t) 
for  some  i  G  5,  and  the  said  Voronoi  edges  must  be  e{s,t)  and  e(i,r),  respectively, 
for  some  s,r  ^  S.  Let  /i  (/2)  be  the  line  tangent  to  b{s,t)  (resp.  b{t,r))  at  v.  Let  W 
be  the  smaller  wedge  at  v  bounded  by  the  half- lines  of  /i  and  I2  that  do  not  intersect 
/.  By  star-shapedness  of  V{t),  0{v,t)  must  point  into  W,  because  it  bisects  the  angle 
between  /i  and  I2  and  must  in  V{t)  near  v,  again  contradicting  the  fact  that  the  path 
g{v,t)  exits  A  through  /  and  its  portion  contained  in  /  is  a  straight  line.  D 

The  vertices  of  V*  on  dU2  that  are  neither  anchor  points  nor  lie  on  e  are  roots  as 
shown  by  the  following  Lemma. 
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Lemma  3.3.7  Let  A  be  a  triangle  entered  through  f  and  let  its  other  two  sides  be 
f  and  f".  No  vertex  v  ofV'Ci  U2  in  the  interior  of  f  or  f"  has  an  outgoing  edge  a 
that  emanates  from  v  into  the  interior  of  A. 

Proof:  The  edge  a  in  question  must  intersect  (say)  /'  transversally  at  v  (other- 
wise it  is  a  degenerate  extension  segment,  and  so  is  an  incoming  edge  at  v)  and.  by 
Lemma  3.3.3  and  smoothness  of  bisectors,  the  tangent  to  a  at  u  must  intersect  /, 
making  a  an  incoming  edge  at  v  by  definition  of  orientation  on  a.  D 

Note:  There  may  exist  internal  vertices  of  V*  that  lie  on  a  chord  /'  separating  two 
triangles  A  and  A'  of  U2  with  A  entered  through  /  and  A'  through  /'.  In  this  case. 
Lemma  3.3.7  shows  that  there  can  be  no  edge  leaving  v  into  A  and  recisoning  similar 
to  Lemma  3.3.6  shows  that  there  is  exactly  one  edge  emanating  from  v  into  A',  thereby 
showing  that  v  has  indeed  out-degree  one  and  thus  is  a  valid  internal  vertex  of  the 
root-directed  forest. 

Corollary  3.3.8  V'  is  a  root-directed  forest  with  leaves  on  e  and  at  anchor  points, 
roots  at  non-anchor  vertices  of  V  on  dU2  —  e,  all  internal  non-root  nodes  being 
Voronoi  vertices  and  breakpoints  and  having  in-degree  at  least  two. 

Let  A  be  a  triangle  entered  through  /  and  let  /'  and  /"  be  its  two  other  sides. 
Define  the  sweep-curve  Sr  to  be  the  broken  line  consisting  of  a  segment  parallel  to  / 
at  distance  r  from  it  extending  from  /'  to  /"  together  with  two  portions  of  /'  and 
/"  from  the  endpoints  of  /  to  the  endpoints  of  that  segment.  Let  r  be  the  distance 
from  /  to  the  vertex  of  A  incident  to  both  /'  and  /". 

Corollary  3.3.9  With  respect  to  the  above  convention  for  orienting  the  edges  ofV'. 
Sr  (for  0  <  T  <  r)  separates  the  vertices  ofV'  into  two  sets  so  that  all  directed  edges 
connecting  two  vertices  of  different  sets  emanate  from  below  St  (i-e.,  from  vertices 
lying  on  the  side  of  Sr  that  contains  f)  and  terminate  above  St-  The  remaining  edges 
do  not  meet  St-  Moreover,  if  t  is  such  that  Sr  passes  through  a  vertex  v  ofV'  in  the 
interior  of  A  or  f ,  there  is  precisely  one  edge  leaving  v  and  this  edge  extends  from  r 
into  the  area  above  St  (Figures  3.8a  and  b). 
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(b) 


Figure  3.8:  Sweeping  a  triangle. 

Lemma  3.3.10  Given  V  Of,  V  fl  A(=  V*  fl  A)  can  be  constructed  by  sweeping  A 
with  St. 


Proof:  It  is  sufficient  to  systematically  locate  two  (or  more)  children  with  a  common 
parent  in  V'  n  A,  and  replace  the  children  by  the  parent,  thereby  advancing  the 
sweep-curve  through  the  forest  one  step.  This  in  turn  reduces  to  maintaining  the 
intersection  of  V  with  the  current  sweep-curve  and  repeatedly  locating  the  pair  of 
adjacent  edges  whose  intersection  point  lies  on  Sr  with  least  r.  □ 

We  are  now  ready  to  describe  the  algorithm  for  extending  V^  (5)  to  U2.  Through- 
out the  algorithm  Vy^^^  for  the  current  polygon  f/cur  is  maintained  while  Ucur  grows 
from  Ui  to  U.  More  precisely,  maintain  the  planar  embedding  of  dUcur  U  V^_.^^(5). 
Assume  that  the  planar  map  for  Ui  is  available  initially.  Since  possessing  V^  (5)  im- 
plies knowledge  of  the  sorted  order  in  which  edges  of  V*  meet  the  chord  e  separating 
U2  from  Ui,  we  can  build  in  linear  time  a  search  tree  containing  this  information. 
More  precisely,  the  tree  will  represent  those  refined  Voronoi  cells  of  V^j(5)  that  are 
adjacent  to  e.  Namely,  it  will  contain  for  each  such  cell  V^{s)  its  owner  s,  its  anchor 
a,  and  the  weight  d{s,a)  of  the  anchor.    The  tree  must  support  insert,  delete  and 
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split  operations  in  time  logarithmic  in  its  maximum  size  (one  can  use,  for  example, 
red-black  trees  of  [GS78]). 

The  algorithm  for  constructing  V^(5)  from  Vl;^{S)  will  proceed  by  performing 
some  initial  setup  at  the  edge  e  and  then  traversing  the  triangulation  tree  of  U2 
starting  from  the  triangle  adjacent  to  e: 

Algorithm  3.2 

Input:  A  triangulated  polygon  U  cut  by  a  chord  e  of  the  triangulation  into  subpoly- 
gons  f/i  and  U2,  and  the  planar  map  representation  of  V^}  (5)  U  dUi. 
Output:  The  planar  map  representation  of  Vy(5)  U  dU. 

1.  Initial  setup 

(i)  From  V^j(5),  extract  the  ordered  list  L  of  refined  Voronoi  cells  adjacent 
to  e. 

(ii)  Convert  the  list  into  a  search  tree  T. 

(iii)  For  each  pair  of  adjacent  refined  Voronoi  edges  bounding  a  single  refined 
Voronoi  cell  on  L  (and  thus  in  T)  compute  their  point  of  intersection  (a 
candidate)  without  checking  whether  the  resulting  candidates  are  feasible 
in  any  sense.  Perform  a  point  location  query  on  each  of  the  candidates 
and  collect  them  into  buckets  corresponding  to  the  triangle  where  each  of 
them  lands  (an  equally  feasible  approach  would  be  to  prioritize  the  buckets 
immediately). 

2.  Process  every  triangle  of  the  triangulation  of  U2  in  a  pre-order  traversal  of  its 
triangulation  tree,  starting  at  the  triangle  adjacent  to  e  and  treating  the  tree  as 
rooted  at  that  triangle.  The  order  in  which  children  of  a  triangle  are  visited  is 
immaterial.  Upon  entering,  through  edge  /,  triangle  A,  whose  associated  tree 
T  represents  the  refined  Voronoi  cells  of  V^^^^{S)  adjacent  to  /  (or,  equivalently, 
the  refined  Voronoi  cells  of  V^(S)  intersecting  /),  perform: 
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(i)  Let  X  be  an  endpoint  of  /  and  y  be  the  anchor  of  the  refined  Voronoi 
cell  that  contains  x.  Consider  the  ray  out  of  x  directed  away  from  y.  If 
this  ray  partially  overlaps  /,  create  a  degenerate  refined  partition  edge 
that  emanates  from  x  and  follows  /  until  its  first  intersection  with  another 
edge  of  V*  as  represented  by  T.  If  the  said  ray  intersects  the  interior  of  A, 
create  a  refined  partition  edge  emanating  from  x  and  directed  into  A.  In 
either  ca^e,  add  the  intersection  of  the  new  refined  partition  edge  with  its 
neighbor  in  T  to  the  bucket  of  the  appropriate  triangle  and  create  a  new 
region  sandwiched  between  the  new  refined  partition  edge  and  the  second 
edge  of  A  incident  to  x  with  its  owner  being  the  owner  of  y,  its  anchor 
being  x  and  the  weight  of  its  anchor  being  the  sum  of  d{x,y)  and  the 
weight  of  y.  Otherwise  there  is  no  need  to  create  a  new  refined  partition 
edge  or  a  new  region.  Repeat  the  same  procedure  for  the  other  endpoint 
of  /.  Note  that  creation  of  a  region  requires  an  insertion  into  T. 

(ii)  Construct  a  priority  queue  Q  containing  all  the  candidates  in  the  bucket 
associated  with  A.  Q  is  ordered  by  increasing  distance  from  the  line  con- 
taining /,  which  amounts  to  sweeping  across  A  with  Sr. 

(iii)  The  candidate  intersection  p  in  Q  closest  to  /  is  then  repeatedly  deleted 
from  Q.  If  p  is  actually  valid,  i.e.,  it  refers  to  an  intersection  of  two  curves 
currently  adjacent  on  St  (i.e.,  bounding  a  common  refined  Voronoi  cell 
in  T),  it  must  correspond  to  the  disappearance  of  the  cell  between  them 
from  T  and  the  replacement  of  the  two  refined  bisector  edges  (or  a  refined 
bisector  edge  and  a  refined  partition  edge)  by  a  new  refined  bisector  edge. 
At  this  point  the  region  is  deleted  from  T.  If  p  does  not  represent  a  valid 
intersection,  it  is  simply  discarded.  The  two  pairs  of  curves  newly  adjacent 
on  Sr  have  their  intersections  computed  and  located  in  the  triangulation. 
If  they  land  in  A,  they  are  added  to  Q;  otherwise,  they  are  added  to  the 
appropriate  buckets.  The  process  repeats  until  Q  is  empty. 

(iv)  Let  /'  and  /"  be  the  remaining  edges  of  A  and  z  be  their  common  endpoint. 
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When  the  construction  inside  A  is  completed,  the  two  trees  corresponding 
to  /'  and  /"  are  produced  by  splitting  the  current  version  of  T  at  z, 
conceptually  cutting  5^  at  that  point.  Note  that  Sr  coincides  with  /'U/"  at 
this  point,  so  splitting  T  correctly  creates  the  two  initial  trees  representing 
5o  for  the  two  unvisited  triangles  adjacent  to  A.  In  case  /'  (resp.  /") 
is  actually  an  edge  of  C/,  the  corresponding  search  tree  is  converted  to 
adjacency  information  for  V  along  it. 
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We  proceed  to  analyze  the  time  complexity  of  Algorithm  3.2.  Steps  l(i)  and  l(ii) 
clearly  take  linear  time.  As  there  is  only  a  linear  number  of  initial  candidate  pairs  of 
adjacent  curves  on  5t,  step  l(iii)  requires  0{{n  +  k)logn)  time.  One  can  easily  see 
that  the  time  complexity  of  part  2  is  0(log  n)  per  candidate  intersection  for  point 
location,  0(log(n  +  k))  for  queue  maintenance  operations  (as  no  candidate  is  ever  in 
two  queues),  0(log(n  +  k))  for  tree  deletion  for  each  valid  intersection  (i.e.,  a  Voronoi 
vertex  or  a  breakpoint),  and  0(log(n  +  k))  for  tree  insertion  and  split  per  vertex  of 
U2-  The  last  three  bounds  hold  since  the  size  of  all  queues  and  trees  is  at  all  times 
0{n  +  /:),  which  we  argue  as  follows.  In  fact,  each  candidate  intersection  is  either 
created  initially  (there  are  only  0(|i|)  =  0{n-\-k)  of  such)  or  added  during  a  deletion 
from  or  insertion  into  the  tree  (at  most  two  new  candidates  per  insertion,  one  new 
candidate  per  deletion).  There  are  at  most  n  insertions  and  0{n  +  k)  deletions-note 
that  the  universe  does  not  necessarily  decrease  all  the  time;  in  fact  it  can  grow  by  as 
much  as  n  due  to  introduction  of  new  refined  partition  edges,  which  can  occur  at  most 
once  per  reflex  corner  of  U2-  Thus  the  total  size  of  all  queues  and  trees  at  every  point 
of  the  algorithm  is  bounded  by  0{n  +  A;),  as  claimed.  In  other  words,  part  2  spends 
logarithmic  time  per  candidate  intersection  which,  there  being  0{n  +  k)  candidate 
intersections,  bounds  the  execution  time  of  part  2  by  0{{n  +  k)  log(n  +  k)). 

Therefore  the  extension  of  the  refined  Voronoi  diagram  of  a  set  of  k  points  from 
a  portion  of  an  n-gon  to  the  whole  polygon  is  accomplished  in  0{{n  +  k)  log(n  +  k)) 
time  by  Algorithm  3.2,  providing  the  desired  bound  for  part  2(v)  of  Algorithm  3.1. 
Observe  that  it  is  impossible  to  improve  Algorithm  3.2  so  that  it  runs  in  time  0{n  +  k) 
without  modifying  the  remainder  of  Algorithm  3.1,  for  such  an  improvement  would 
reduce  the  time  complexity  of  the  entire  algorithm  to  0{{n  +  ^)  log  n),  contradicting 
the  lower  bound  discussed  in  Section  4.3. 

3.3.2      Merging  Two  Diagrams 

In  this  Section  we  describe  a  linear-time  algorithm  for  merging  the  (closest-site 
geodesic)  Voronoi  diagrams  of  two  sets  of  sites  in  a  polygon  assuming  that  a  chord 
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of  the  polygon  separates  the  two  sets.  Again,  before  detailing  the  algorithm,  we  will 
examine  some  properties  of  Voronoi  diagrams  of  such  sets  of  sites. 

Let  A  be  a  set  of  sites  in  U  and  x  be  a  point  in  U.  Then  the  distance  from  A 
to  X  is  defined  by  <fyi(x)  =  min,g^  (i(s,i).  For  A,B  C  U  disjoint  non-empty  sets 
of  sites,  define  the  bisector  of  A  and  B  to  be  b{A,B)  =  {x  €.  U  \  d^ix)  =  dB{x)} 
and  let  H{A,B)  =  {x  e  U  \  d^(x)  <  dsix)}.  Trivially  {H{A,B),b{A,  B),  H{B,A)} 
is  a  partition  of  U.  By  continuity  of  A(i)  =  cf^(x)  —  deix),  b{A,  B)  is  the  relative 
boundary  of  both  H{A,B)  and  H{B,A)  and  the  two  sets  cannot  be  connected  by  a 
path  that  does  not  meet  b{A,B). 

It  is  easily  verified  that  b{A,  B)  is  the  union  of  all  Voronoi  edges  e(s,  t)  of  Vu{A^B) 
with  s  ^  A  and  t  ^  B.  In  particular,  b{A,  B)  has  complexity  linear  in  the  sum  of 
sizes  of  A,  .6,  and  U  since  it  is  (the  union  of)  a  collection  of  Voronoi  edges.  Hence 
b{A,  B)  can  be  viewed  a  subgraph  of  V(  A  U  B).  Moreover,  b{A,  B)  cannot  terminate 
at  Voronoi  vertices  in  the  interior  of  U  or  contain  isolated  Voronoi  vertices  since,  if  a 
Voronoi  vertex  v  belongs  to  6(^4,  B),  v  is  on  the  relative  boundary  of  Voronoi  cells  of  at 
least  one  A-site  and  at  least  one  5-site.  This  in  turn  implies  the  existence  of  at  least 
two  (and  at  least  one  for  v  6  dU)  Voronoi  edges  emanating  from  v  that  separate  cells 
of  sites  from  different  sets.  (In  fact,  this  argument  shows  that  an  arbitrary  Voronoi 
vertex  v  G  6(A,  B)  in  the  interior  of  U  has  even  degree  in  6(A,  B).  Thus  6(A,  B)  can 
be  decomposed  into  edge-disjoint  simple  paths  and  cycles.) 

Lemma  3.3.11  Suppose  s  E  A.  Let  V{s)  denote  the  Voronoi  cell  of  s  in  Vu{A)  and 
V'{s)  denote  its  cell  in  Vu{AU  B).  Let  Va{s)  and  V^'is)  be  the  corresponding  refined 
Voronoi  cells  with  anchor  a.   Then 

V'{s)  =  V{s)nH{A,B)    and    V^'is)  =  V;{s)  n  HiA,B). 

Proof: 

V{s)nH{A,B)    =    V{s)n{x\dA{x)<dB{x)} 

=     {x\d{s,x)<     min    d{r,x)  S^  mmd{r,x)  <  nund{r,x)} 
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=     {x\d(s,x)<       min      d{r,x)}  =  V'{s). 

For  refined  cells,  the  claim  follows  immediately  as  V*{s)  =  V{s)r\Pa{s)  and  V^'{s)  = 
V'{s)nPa{s).  □ 

Observe  that,  since  Va'{s)  is  path-connected,  it  is  simply  the  path-connected  com- 
ponent of  V^{s)  —  b{A,B)  containing  s. 

Lemma  3.3.12  Given  Vi;{A)  and  V^{B)  and  a  point  on  every  connected  component 
of  b{A,B),  V^{A  U  B)  can  be  constructed  in  time  0{\A\  +  \B\  +  n)  where  n  is  the 
number  of  corners  of  U . 

Proof:  From  each  point  given  on  b{A,  B)  build  connected  components  of  6(A,  B)  by 
the  usuaJ  Shamos-Hoey  scan  of  the  two  Voronoi  diagrams  (see,  for  example,  [Lee78]  or 
[SH75]).  One  can  eaisily  follow  a  bisector  of  two  sites  as  long  as  the  two  anchor  points 
stay  fixed.  The  anchor  points  change  precisely  when  the  bisector  crosses  a  refined 
partition  edge,  thereby  moving  from  one  refined  Voronoi  cells  to  another  (belonging 
to  the  same  site).  At  this  point  one  can  recover  the  new  anchor  point  as  it  is  simply 
the  anchor  associated  with  the  refined  Voronoi  cell  being  entered.  The  fine  structure 
of  the  Voronoi  cells  (namely  the  refined  Voronoi  diagram)  is  somewhat  reminiscent  of 
the  "spokes"  of  Kirkpatrick  [Kir79]  (see  below).  A  complication  arises  when  vertices 
of  degree  greater  than  two  are  encountered  o-a.b{A,B).  At  such  a  Voronoi  vertex  v  the 
list  of  owners  and  anchors  of  adjacent  refined  Voronoi  cells  in  both  diagrams  is  known, 
allowing  one  to  determine  all  the  edges  leaving  v  that  separate  a  cell  of  an  A-site  from 
that  of  a  B-site,  thus  enabHng  the  Shamos-Hoey  scan  to  trace  all  branches  of  6(A,  B). 
The  additional  effort  required  is  proportional  to  degree  of  v  in  Vu{A  U  B),  thus  it  is 
linear  over  the  construction  of  b{A,B).  Note  that  this  complication  could  be  avoided 
completely  by  assuming  (as  it  is  conamon  in  many  Voronoi  diagram  algorithms)  that 
no  point  is  simultaneously  equidistant  from  four  sites,  thus  excluding  Voronoi  vertices 
of  degree  larger  than  three  and  ensuring  degree  at  most  two  for  every  vertex  of  b{A,  B). 
Now  split  both  refined  Voronoi  diagrams  along  b{A,B)  and  collect  the  portions 
of  refined  Voronoi  cells  reachable  from  their  owners;  the  resulting  collection  is  (by 
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Figure  3.9:  Voronoi  triangulation  for  the  three  sites  of  Figure  3.1. 


Lemma  3.3.11)  the  refined  Voronoi  diagram  o{  AU  B. 

To  repeatedly  locate  the  intersection  of  a  refined  bisector  edge  with  the  boundary 
of  "current"  refined  Voronoi  cells  of  V^{A)  and  V^(5)  in  an  efficient  manner,  we 
follow  Kirkpatrick  [Kir79]  and  introduce  a  further  refinement  of  our  map  that  will 
guarantee  that  each  individual  region  has  bounded  complexity,  thereby  allowing  us  to 
trace  a  refined  bisector  edge  within  each  such  region  in  constant  time.  In  this  extra 
refinement,  in  addition  to  the  refined  partition  edges,  every  vertex  of  dU  and  every 
Voronoi  vertex  lying  on  the  boundary  of  a  Voronoi  cell  are  connected  by  a  shortest 
path  to  the  owner  of  the  cell  (actually,  one  need  only  connect  each  such  point  to  its 
anchor,  so  the  size  of  the  resulting  structure  is  still  linear).  The  structure  described 
coincides  with  the  "Voronoi  triangulation"  of  [AA87]  (Figure  3.9).  Moreover,  since 
refined  Voronoi  cells  are  star-shaped  and  each  added  segment  is  contained  in  the 
shortest  path  to  the  owner  of  the  cell,  it  will  not  intersect  b(A,  B)  more  than  once. 
It  is  not  difficult  to  see  that  every  face  of  the  resulting  map  is  bounded  by  two 
segments  and  (in  general)  a  hyperbolic  arc  or  a  polygon  boundary  segment,  and  thus 
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has  complexity  bounded  by  a  constant.  It  is  easy  to  verify  that  this  finer  structure 
allows  Kirkpatrick's  tracing  procedure  to  run  in  Hnear  time.  □ 

Note:  Observe  that  the  two  steps  described  above  need  not  be  done  separately.  In 
fact,  it  is  more  convenient  to  perform  truncation  of  refined  Voronoi  cells  by  b{A,B) 
at  the  time  it  is  being  constructed,  concurrently  updating  the  two  Voronoi  diagrams 
and  merging  them  along  b{A,B). 

Corollary  3.3.13  If  all  components  ofb{A,B)  meet  dU ,  Vl;{AL)B)  can  be  produced 
from  VIj{A)  and  V^(5)  in  time  0{\A\  +  \B\  +  n). 

Proof:  It  is  sufficient  to  compute  b{A,B)  D  dU .  Since  both  V^(A)  and  V^(S)  are 
linear  in  size,  it  is  possible  to  trace  dU  in  linear  time,  partitioning  it  into  0{n  +  k) 
line  segments  each  of  which  lies  in  exactly  one  refined  Voronoi  cell  of  each  V£r(A) 
and  Vli{B).  Each  segment  contains  points  not  only  nearest  to  a  unique  5  G  A  and  a 
unique  t  £  B  but  also  having  a  unique  pair  of  anchors  {s,t)  with  d{s,s)  and  d{t,t) 
known.  Thus,  on  each  segment,  the  analytic  expressions  for  both 

d^(x)  =  d{s,x)  =  d{s,s)  -j-  \x  —  s\ 

and 

dsi^)  =  d{t,x)  =  d{t,t)  +  \x  —  t\ 

are  known.  It  is  easily  verified  that  the  two  functions  coincide  in  at  most  two  points, 
which  can  be  computed  in  constant  time.  Each  such  point  corresponds  to  an  inter- 
section of  b{A,  B)  and  dU,  thereby  enabling  us  to  compute  all  such  intersections  in 
linear  time  and  permitting  the  application  of  Lemma  3.3.12. 

Note  that  the  ca.se  when  the  functions  cf.4(x)  and  (is(x)  coincide  violates  the 
general  position  assumption  as  in  such  a  case  s  =  t.  CD 

Lemma  3.3.14  If  A  and  B  are  disjoint  sets  of  sites  in  U  separated  by  a  boundary 
geodesic  g{u,v),  b(A,B)  contains  no  cycles.  In  particular,  the  conditions  of  Corol- 
lary 3.3.13  are  satisfied. 
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Figure  3.10:  Illustration  to  the  proof  of  Lemma  3.3.14. 


Proof:  Let  u,v  e  dU  such  that  A  C  U[u,v]  and  B  C  U[v,u].  Notice  that  H{A,B)  is 
the  union  of  Voronoi  cells  of  A-sites  (in  VuiA  U  B))  together  with  the  Voronoi  edges 
separating  these  cells  (an  endpoint  of  such  an  edge  lies  in  H{A,  B)  if  it  is  incident 
only  to  the  cells  of  A-sites,  otherwise  it  lies  on  6(^4,5)).  rfence,  if  there  is  a  cycle 
7  in  h{A^B),  it  must  completely  enclose  a  cell  of,  say,  A-site  5,  so  that  there  is  no 
path  in  H{A,B)  connecting  s  to  dU.  First  assume  5  ^  g{u,v).  Choose  i  to  be  the 
point  of  g{u,v)  closest  to  s.  Necessarily  either  x  ^  u,v  and  mLuxs,mLsxv  >  7r/2 
or  X  =  u  (resp.  v)  and  mLsxv  >  7r/2  (resp.  mluxs  >  7r/2).  Let  s  E  dV  be  a 
shadow  of  ^(1,5)  (the  situation  is  schematically  depicted  in  Figure  3.10).  We  claim 
that  g{s,s)  C  H{A,B),  contrary  to  our  assumption  that  5  is  enclosed  by  a  cycle 
7  C  b{A,B).  Consider  z  G  g{s,s)  &nd  t  e  B  C  U[v,u].  If  x  E  g{z,t),  d,(t)  > 
dz{^)  ^  c^z(-s)  (note  that  s  ^  t,  since  A  and  B  are  disjoint),  so  (iz(t)  >  £^2(5).  Let  us 
assume  x  ^  g{z,t).  Let  y  G  g{u,v)  fl  g{z,t).  Notice  that  x  ^  y  and,  by  the  above 
observation,  the  angle  between  6{x,z)  (=  6{x,s))  and  0{x,y)  has  measure  >  7r/2.  By 
Lemma  2.2.2,  d{z,y)  >  max{(f(x,y),  cf(x.  r)}.  Thus  d,{t)  >  d,{y)  >  d,{x)  >  d,(s). 
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Hence  d{z,B)  >  d{z,s),  and  therefore  z  G  H{A,B),  as  asserted. 

The  ccise  s  6  g{u,  v)  is  handled  similarly.  As  5  0  dU  by  assumption,  we  can  choose 
s  to  be  the  first  intersection  of  dU[u,v]  with  the  ray  emanating  from  s  into  U[u,v] 
perpendicular  to  0{s,u).  The  remciinder  of  the  argument  is  identical  to  the  previous 
Ccise.  D 

Corollary  3.3.15  The  diagrams  V^(5l)  and  V^(5/j)  in  step  2(vi)  of  Algorithm  3.1 
can  he  merged  in  time  0{n  +  k). 

To  summarize,  the  procedure  for  merging  the  two  diagrams  consists  of  locating 
all  points  of  b{A,B)  on  dU  by  a  linear  scan  followed  by  tracing  of  every  connected 
component  of  b{A,  B)  a  la  Kirkpatrick  [Kir79]. 

3.4     A  Special  Case 

In  this  Section  we  will  consider  a  variation  of  our  algorithm  that  computes  the  geodesic 
Voronoi  diagram  for  k  point  sites  among  which  are  all  reflex  corners  of  the  enclosing 
n-gon,  in  0{{n  +  k)\og{n  +  k))  time.  This  variant  exploits  the  following  property  of 
the  geodesic  Voronoi  diagram  of  such  a  set  of  sites-the  Voronoi  cells  are  star-shaped  in 
the  Euclidean  metric,  as  a  bend  on  a  path  from  a  point  in  a  cell  to  the  owner  of  the  cell 
would  produce  a  reflex  vertex,  i.e.,  a  closer  site.  The  general  strategy  is  still  divide- 
ajid-conquer,  with  the  polygon  recursively  split  into  two  roughly  equal  parts  and  the 
resulting  diagrams  merged  a  la  Shamos  and  Hoey  [SH75]  (or  Kirkpatrick  [Kir79]). 
However,  the  extension  step  is  avoided,  rather  a  structure  similar  to  the  extension 
of  Voronoi  diagram  into  "site-less"  regions  is  built  at  the  bottom  of  recursion  and 
maintained  together  with  the  Voronoi  diagram  proper  during  the  merging  steps.  The 
rationale  behind  this  approach  is  that  the  only  sites  that  can  own  a  given  point  of 
the  polygon  are  those  visible  from  it.  Consequently,  during  the  merge  step,  the  only 
points  of  one  half  of  the  polygon  that  can  be  "taken  over"  by  sites  of  the  other  half  are 
those  visible  from  the  sites  through  the  "window"  of  the  dividing  chord.  In  particular, 
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it  is  enough  to  construct  the  Voronoi  diagram  of  the  set  of  sites  of  one  half  of  the 
polygon  as  visible  through  this  window.  This  notion  is  identical  to  the  notion  of  the 
"peeper's  Voronoi  diagram"  of  [BS88],  but  fortunately  in  our  case  it  is  easily  seen  to 
have  linear  size.  Moreover,  we  can  show  that  the  geodesic  Voronoi  diagram  of  a  set  of 
sites  in  a  polygon  with  "peeper's  Voronoi  diagrams"  attached  to  some  of  the  polygon 
edges  (in  fact,  to  those  which  are  chords  of  triangulation  of  the  original  polygon)  is 
a  structure  linear  in  the  size  of  the  polygon  and  the  number  of  sites  and  that  two 
such  structures  can  be  merged  in  linear  time.  This  yields  an  0{{n  +  k)\og{n  +  k)) 
algorithm  for  constructing  the  geodesic  Voronoi  diagram  in  this  special  case.  We  omit 
the  details  of  this  faster  algorithm. 

Note  that  the  algorithm  sketched  above  allows,  in  particular,  to  compute  the 
geodesic  Voronoi  diagram  of  the  vertices  of  a  simple  n-gon  in  time  0(n  log  h).  An 
alternative  0(n  log  n)  algorithm  is  provided  by  work  of  Lee  and  Lin  [LL86]  (see  also 
[Che89]  and  [WS87]),  which  involves  the  calculation  of  the  generalized  Delaunay  tri- 
angulation of  a  simple  polygon  U.  It  is  defined  as  a  triangulation  of  the  polygon 
with  the  property  that  the  circle  circumscribed  around  each  face  A  of  it  does  not 
contain  (in  its  interior)  any  vertex  of  U  visible  simultaneously  from  all  three  vertices 
of  A.  In  the  case  of  a  convex  polygon,  this  definition  gives  precisely  the  conventional 
Delaunay  triangulation  of  U,  which  is  the  dual  of  the  (conventional)  Voronoi  diagram 
of  the  vertices  of  U,  which  in  turn  coincides  (inside  of  U)  with  the  geodesic  Voronoi 
diagram  of  the  vertices  of  U.  In  fact,  it  is  not  difficult  to  observe  that,  for  a  general 
simple  polygon  U,  the  generalized  Delaunay  triangulation  is  essentially  the  dual  of  the 
geodesic  Voronoi  diagram  (in  fact,  it  can  be  shown  to  have  more  edges  than  the  dual, 
intuitively  because  there  are  Voronoi  edges  that  do  not  appear  in  the  diagram  because 
of  the  boundedness  of  U).  Lee  and  Lin  [LL86]  (and  also  Chew  [Che89],  Wang  and 
Schubert  [WS87])  provide  an  0{n  log  n)  algorithm  for  constructing  this  triangulation, 
and  the  diagram  can  be  reconstructed  from  it  in  linear  time  by  visiting  the  neighbors 
of  each  vertex  in  cyclical  order  and  thereby  reconstructing  its  Voronoi  cell.  Thus 
we  obtain  an  alternative  0(n  log  n)  algorithm  for  computing  the  geodesic  Voronoi 
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diagram  of  the  set  of  vertices  of  a  simple  polygon  (with  respect  to  that  polygon). 


Chapter  4 

Furthest-Site  Geodesic  Voronoi 
Diagram 


In  this  Chapter,  we  come  to  another  classic  structure  of  Euclidean  geometry,  namely 
the  "furthest-site  Voronoi  diagram."  "Given  a  finite  collection  of  sites  in  the  plane, 
the  furthest-site  Voronoi  diagram  partitions  the  plane  into  Voronoi  cells,  one  cell  per 
site.  The  site  that  owns  a  cell  is  the  site  that  is  furthest  from  every  point  in  the  cell. 
Using  well-known  algorithms,  the  Euclidean  furthest-site  Voronoi  diagram  of  k  point 
sites  can  be  computed  in  time  0{k\og  k)  and  space  0{k)  [PS85]. 

The  content  of  this  Chapter  is  an  efficient  algorithm  for  computing  the  furthest- 
site  Voronoi  diagram,  defined  by  the  geodesic  metric  inside  a  simple  polygon.  The 
algorithm  uses  0((n  -|-  k)  log(n  +  k))  time  and  0{n  +  k)  space,  where  n  is  the  number 
of  bounding  edges  of  the  polygon  and  k  is  the  number  of  (point)  sites.  The  best 
previous  algorithm  for  this  problem  has  running  time  Oln"^  log  log  n)  [AT86],  and  just 
computed  (a  superset  of)  the  vertices  of  the  furthest-site  Voronoi  diagram  of  the  n 
corners  of  the  polygon.  We  remark  that  our  furthest-site  geodesic  Voronoi  diagram 
algorithm  is  a  factor  of  O(logn)  faster  than  the  best  known  neares^site  geodesic 
Voronoi  diagram  algorithm  (cf.  Chapter  3). 

The  problem  of  computing  the  furthest-site  Voronoi  diagram  is  an  extension  of 
the  "furthest  neighbor  problem,"  which  is  "Given  a  finite  collection  of  points,  for 
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each  point  identify  the  element  in  the  collection  that  is  maximally  distant  from  it." 
Suri  [Sur87]  shows  how  to  solve  a  special  case  of  the  furthest  neighbor  problem  in  the 
geodesic  metric  inside  a  simple  polygon.  Specifically,  he  gives  an  algorithm  that  for 
each  corner  of  the  polygon  computes  the  corner  that  is  maximally  distant  from  it  in 
the  geodesic  metric.  His  algorithm  runs  in  time  0(n  log  n)  and  space  0{n),  where  n 
is  the  number  of  bounding  edges  of  the  polygon. 

The  furthest-site  geodesic  Voronoi  diagram  generalizes  the  notion  of  the  geodesic 
furthest-neighbor  mapping  of  Suri  [Sur87]  in  two  ways.  First,  the  Voronoi  diagram 
provides  a  planar  partition  of  the  polygon  together  with  its  interior  into  furthest-site 
Voronoi  cells.  Consequently,  arbitrary  furthest-site  queries  can  be  answered  using 
a  planar  point-location  algorithm.  Second,  the  set  of  sites  is  not  restricted  to  the 
corners  of  the  polygon.  Rather,  the  sites  can  be  arbitrarily  situated  in  the  polygon. 
Both  of  these  generalizations  have  substantial  technical  impact  on  the  algorithm  for 
computing  furthest-site  Voronoi  diagrams. 

There  are  many  analogies  between  the  Euclidean  furthest-site  Voronoi  diagram 
and  the  geodesic  furthest-site  Voronoi  diagram.  In  the  Euclidean  case,  if  a  site  has 
nonempty  Voronoi  cell,  then  it  lies  on  the  convex  hull  of  the  set  of  sites  and  it  does  not 
appear  on  the  line  segment  between  two  other  sites.  The  counterclockwise  sequence 
of  Voronoi  cells  (at  infinity)  is  the  same  as  the  counterclockwise  sequence  of  sites  on 
the  convex  hull.  In  the  geodesic  case,  we  show  that  a  site  with  nonempty  Voronoi 
cell  lies  on  the  relative  convex  hull  of  the  set  of  sites  and  does  not  appear  on  a 
geodesic  between  two  other  sites.  The  counterclockwise  order  of  Voronoi  cells  along 
the  boundary  of  the  polygon  is  consistent  with  the  counterclockwise  order  of  sites  on 
the  relative  convex  hull.  In  the  Euclidean  case  this  characterization  is  exact:  any  site 
on  the  convex  hull  not  between  two  other  sites  has  nonempty  Voronoi  cell.  In*  the 
geodesic  ca.se  the  characterization  is  not  exact,  roughly  because  the  polygon  may  not 
be  large  enough  for  the  cell  to  appear. 

A  further  analogy  between  the  two  cases  is  the  structure  of  the  Voronoi  diagram 
itself.     In  the  Euclidean  case  the  Voronoi  diagram  forms  a  tree  with  root  at  the 
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Euclideaji  center  of  the  set  of  sites.  (The  center  of  a  set  of  point  sites  is  the  point 
that  minimizes  the  maximum  distance  to  any  site.)  If  edges  are  directed  towards  the 
root,  then  this  orientation  is  consistent  with  geometric  direction  towards  the  center. 
In  the  geodesic  case  exactly  the  same  properties  hold,  substituting  "geodesic  center" 
for  "Euclidean  center"  and  "geodesic  direction"  for  "direction." 

The  algorithm  for  computing  the  furthest-site  Voronoi  diagram  consists  of  two 
steps.  First,  we  compute  the  restriction  of  the  Voronoi  diagram  to  the  boundary  of 
the  polygon.  Intuitively,  the  boundary  of  the  polygon  in  the  geodesic  ccise  corresponds 
to  points  "at  infinity"  in  the  Euclidean  case.  Second,  we  extend  the  diagram  to  the 
interior  of  the  polygon.  Since  the  Voronoi  diagram  forms  a  tree  with  root  at  the 
geodesic  center,  the  second  step  is  relatively  ecisy.  It  can  be  performed  by  a  "reverse 
geodesic  sweep"  towards  the  geodesic  center. 

The  first  step,  the  computation  of  the  Voronoi  diagram  on  the  boundary  of  the 
polygon,  is  much  more  involved.  We  use  a  technique  developed  by  Suri  [Sur87]  for 
determining  furthest  neighbors.  We  reduce  the  problem  to  three  instances  of  the  "two- 
fragment  problem";  an  instance  of  the  two- fragment  problem  consists  of  a  fragment 
of  the  boundary  of  the  polygon  and  a  fragment  of  the  relative  convex  hull  of  the  set 
of  sites.  The  relative  convex  hull  fragment  contains  the  furthest  sites  of  all  points  on 
the  polygon  boundary  fragment.  We  solve  an  instance  of  the  two-fragment  problem 
using  divide  and  conquer  in  the  following  manner.  The  polygon  boundary  fragment 
is  split  at  its  "midpoint,"  leaving  roughly  equal  number  of  corners  on  either  side;  this 
implies  a  corresponding  split  of  the  convex  hull  fragment.  Thus  one  instance  of  the 
two-fragment  problem  results  in  two  simpler  instances.  Eventually  instances  become 
small  enough  to  be  solved  directly. 

We  refine  Suri's  two-fragment  technique  in  two  ways.  First,  Suri's  algorithm 
always  splits  the  polygon  boundary  fragment  at  a  corner  of  the  polygon.  This  is 
sufficient  for  the  furthest-neighbor  problem,  because  furthest-neighbor  information 
for  points  along  a  wall  is  not  of  interest.  For  the  furthest-site  Voronoi  diagram,  simply 
splitting  at  corners  is  insufficient,  since  potentially  many  Voronoi  cells  may  meet  a 
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single  Weill  of  the  polygon.  If  necessary,  we  further  split  each  wall  into  subsegments  so 
that  the  shortest  path  tree  from  a  point  in  a  subsegment  to  the  sites  is  combinatorially 
invariant  over  the  entire  subsegment.  The  combinatorial  invariance  of  the  shortest 
path  tree  implies  that  the  Voronoi  partition  of  the  subsegment  can  be  easily  computed. 

The  second  refinement  of  Suri's  technique  concerns  the  complexity  analysis  of  the 
recursion.  Suri's  original  algorithm  required  a  step  called  "trimming";  trimming  a 
two-fragment  instance  introduces  a  different  subproblem  that  could  be  solved  directly. 
This  operation  is  necessary  in  Suri's  analysis  in  order  to  maintain  the  linearity  of  the 
total  size  of  all  subproblems  at  a  particular  level  of  recursion.  We  show  that  even 
without  trimming,  the  total  size  of  cdl  subproblems  at  a  particular  level  is  lineax. 
This  observation  simplifies  the  recursive  structure  of  the  "two-fragment"  algorithm 
so  that  it  actually  matches  the  description  given  above.  The  analysis  has  also  been 
incorporated  into  the  final  version  of  Suri's  furthest-neighbor  algorithm. 

The  best  lower  bound  that  we  know  for  computing  the  furthest-site  geodesic 
Voronoi  diagram  is  n{n  +  k\ogk)  (cf.  Section  4.3).  It  follows  quite  easily  from  known 
lower  bounds  for  diameter  computation  in  the  Euclidean  case.  Conceivably,  the  cur- 
rent algorithm  could  be  improved  to  match  this  lower  bound. 

> 

4.1      More  Geometry 

This  Section  contains  the  definition  of  the  furthest-point  geodesic  Voronoi  diagram 
and  some  of  its  basic  properties.  Some  of  the  notation  of  Chapter  3  is  intentionally 
reused,  where  possible,  to  emphasize  similarities  in  the  properties  of  the  closest-site 
and  the  furthest-site  geodesic  Voronoi  diagrams.  We  begin  by  defining  the  geodesic 
furthest-site  Voronoi  diagram  in  Section  4.1.1.  Section  4.1.2  contains  the  Ordering 
Lemma,  which  states  that  the  order  of  Voronoi  cells  around  the  boundary  of  the 
containing  polygon  is  consistent  with  the  order  of  sites  around  the  relative  convex  hull 
of  the  set  of  sites.  In  Section  4.1.3  we  define  a  refined  form  of  the  Voronoi  diagram 
and  use  it  to  show  a  linear  bound  on  the  descriptive  complexity  of  the  (unrefined) 
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Figure  4.1:  Voronoi  cells  of  the  sites  of  Figure  2.10. 

diagram.  Finally,  in  Section  4.1.4  we  show  that  the  Voronoi  diagram  forms  a  tree 
directed  towards  the  geodesic  center  of  the  set  of  sites.  The  algorithm  for  computing 
the  diagram  is  given  in  Section  4.2. 


4.1.1      Voronoi  Cells 

Recall  that  5  is  the  set  of  sites  in  the  universe  U .  The  (geodesic  furthest-site)  Voronoi 
cell  of  site  s  is  V{s)  =  flt^,  H{t,  s).  The  (geodesic  furthest-site)  Voronoi  diagram  V  is 

{x  e  b{s,t)  \  s,t  e  S    and    d,{x)  =  ma.xdr{x)}. 

Figure  4.1  indicates  the  Voronoi  diagram  and  Voronoi  cells  of  the  three  points  depicted 
in  Figure  2.10.  A  Voronoi  edge  e{s,t)  is 

e{s,  t)  =  Vr\  6(5,  t)  =  b{s,  t)n   f]  {H{r,  s)  U  b{r,  s)). 

If  the  intersection  consists  of  more  than  one  point  (else  we  will  say  that  e(s,  t)  does  not 
exist).  A  (Voronoi)  vertex  is  a  point  i  G  V  which  has  three  or  more  sites  furthest  from 
it.  By  Lemma  2.5.4,  there  is  at  most  one  such  point  x  for  each  triple  of  sites.  A  hitpoint 
is  the  intersection  of  a  Voronoi  edge  with  dU.  Intuitively,  a  hitpoint  corresponds  to 
the  "point  at  infinity"  of  an  infinite  Voronoi  edge  in  a  Euclidean  furthest-site  Voronoi 
diagram. 
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The  proof  of  the  following  two  Lemmas  is  essentially  identical  to  that  of  Lem- 
mas 3.1.1  and  3.1.2: 

Lemma  4.1.1  Each  Voronoi  edge  e{s,t)  is  connected  and  has  vertices  or  hitpoints 
as  endpoints. 

Lemma  4.1.2  Suppose  Si,...,Sh,Sh+i  =  -si  are  the  sites  furthest  (and  thus  equidis- 
tant) from  vertex  v,  and  directions  9{v,si),  ...,6{v,Sh)  are  in  counterclockwise  order. 
Then,  for  each  i,  edge  e(5i,s,+i)  is  incident  to  v  and  extends  away  from  v  in  direction 
bisecting  Z5,+iUS,,  as  long  as  that  direction  (locally)  stays  inside  U. 

If  vertex  v  appears  on  dU,  then  there  is  only  one  edge  of  V  incident  to  u:  as  v 
cannot  be  a  corner  of  dU  by  the  general  position  assumption,  it  must  be  an  interior 
point  of  a  w«dl.  Hence  only  the  edge  bisecting  Isvt  remains  within  U,  where  directions 
^(u,  s)  and  6{v,  t)  are  the  most  clockwise  and  most  counterclockwise  directions  towards 
sites  furthest  from  v,  respectively. 

The  following  Lemma  is  in  some  sense  dual  to  the  fact  that  both  the  closest-site 
geodesic  Voronoi  cell  and  its  closure  axe  star-shaped  with  respect  to  its  owner  site 
(Lemma  3.1.3  of  Section  3.1). 

Lemma  4.1.3  (Extension  Lemma)  If  x  lies  on  g{s,y)  and  x  G  Cl(F(s)),  then  all 
of  g{s,y)  past  x  lies  in  V{s). 

Proof:  Immediate  from  the  definition  of  a  Voronoi  cell  and  Lemma  2.6.1(2).  □ 

It  is  an  immediate  consequence  of  this  Lemma  that  every  point  in  a  Voronoi  cell 
is  connected  to  dU:  if  x  G  V'(s),  then  segment  xx  C  V{s),  where  x  is  a  shadow  of 
g{s,x). 

Lemma  4.1.4  Both  V{s)  n  dU  and  V{s)  are  path-connected. 

Proof:  Since  every  point  of  V{s)  is  connected  to  a  point  of  V{s)  n  dU,  it  suffices  to 
show  V{s)  n  dU  is  connected.  To  prove  it,  we  will  show  that  H{r,s)  n  H{t,s)  fl  dU 
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is  connected  for  every  r,t  ^  s.  Label  the  hitpoints  of  b{r,s)  and  b{t,s)  as  Xr,yr 
and  Xt,yt,  respectively,  so  that  {dU  n  H{r,s))  U  {xr,yr}  =  dU[xr,yT]  and  {dU  0 
H{t,s))  U  {xt,yt]  =  dU[xt,yt]-  The  only  counterclockwise  ordering  of  these  points 
that  disconnects  dU  fl  H{r,  s)  n  H{t,  s)  is  Xr,  j/t,  xj,  y^-  In  particular,  this  implies  that 
{H{r,  s)  U  6(r,  5))  U  (//(^  s)  U  6(<,  5))  cover  dU.  We  show  this  is  impossible;  suppose 
this  were  the  ordering.  Since  s  ^  H{r,s)  U  H{t,s),  H{r,s)  U  H{i,s)  ^  U,  so  6(r,s) 
must  intersect  b{t,  s)  in  at  least  two  distinct  points.  But  this  contradicts  Lemma  2.5.4, 
since  each  of  the  two  points  would  be  equidistant  from  sites  r,  s,  and  t.  □ 

4.1.2      The  Ordering  Lemma 

Let  C  be  the  relative  convex  hull  of  5,  the  set  of  sites.  The  first  Lemma  of  this 
Section  shows  that,  for  V{s)  not  to  be  empty,  5  must  be  an  extreme  point  of  S  (and 
in  fact  on  the  far  side  of  S  from  any  point  in  the  closure  of  V{s)  fi  dU).  Hence  we  can 
assume  that  all  sites  are  extreme  and  that  they  are  ordered  by  the  counterclockwise 
traversal  of  dC.  The  main  result  of  this  Section  is  the  Ordering  Lemma:  the  order  of 
Voronoi  cells  around  dU  is  consistent  with  the  order  of  sites  around  dC.  In  addition 
we  show  that  there  is  a  collection  of  at  most  three  geodesies  separating  every  point  of 
dU  from  its  furthest  site  (or  sites).  This  is  used  to  prove  the  rather  remarkable  fact 
that  there  are  at  most  Oln  +  k)  distinct  links  in  all  geodesies  that  connect  corners  of 
dU  to  their  respective  furthest  sites.  We  remark  that  Lemmas  4.1.6,  4.1.9,  aoid  4.1.10 
are  based  on  very  similar  Lemmas  proved  by  Suri  [Sur87]. 

Lemma  4.1.5  IfV{s)  is  not  empty,  then  s  is  an  extreme  point  of  S  on  the  far  side 
of  C  from  any  x  in  the  closure  of  V{s)  fl  dU . 

Proof:  Suppose  5  is  a  site  furthest  from  x.  If  5  G  g{''',t),  for  r,t  sites  distinct  from  5, 
then  by  Lemma  2.2.1,  (/^(x)  <  max{dt{x),dr{x)},  a  contradiction.  Suppose  the  last 
segment  of  ^(x,  s)  can  be  extended  beyond  5  staying  in  C;  let  5'  be  a  point  lying  on 
such  an  extension  and  on  the  boundary  of  C.  Then  d,'{x)  >  d,{x),  s'  must  lie  on 
g{t,u)  for  some  sites  t,u,  and  dsi{x)  <  max{(ft(x),(/„(x)},  contradicting  the  choice 
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Figure  4.2:  Illustration  to  the  proof  of  Lemma  4.1.7 

of  5.    Hence  s  is  not  an  interior  point  of  C,  so  s  must  be  an  extreme  point.    By 
Lemma  2.4.1,  5  is  on  the  fax  side  of  C  from  x.  □ 

Lemma  4.1.6  Suppose  s  and  t  are  furthest  sites  from  u,v  E  U,  respectively,  with 
u  ^  V,  s  ^  t.  Then  g{u,t)  does  not  meet  g{v,s). 

Proof:  Immediate  from  Lemma  2.5.2.  □ 


Lemma  4.1.7  Suppose  V[t)ndU  immediately  follows  V[s)r\dU  in  counterclockwise 
order  around  dU .  Ifu^s,t  is  another  site  on  dC[s,t],  then  V{u)  is  empty. 

Proof:  Let  x  be  the  hitpoint  of  e(s,i)  so  that  (near  x)  V{s),  x,  V{t)  are  in  coun- 
terclockwise order  along  dU.  Let  s  and  i  be  closest  shadows  of  g{x,s)  and  g{x,t), 
respectively.  (For  a  schematic  diagram,  refer  to  Figure  4.2.)  We  show  that  x,  s, 
i  eire  distinct  and  appear  in  that  order  counterclockwise  around  dU.   Note  that  by 
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Lemma  2.5.1,  g{x,3)  =  g{x,3)  and  g{x,i)  =  g{x,t)  are  geodesies  emanating  from  i 
with  distinct  initial  directions;  hence  J  ^  i.  Near  i,  V{t)  D  dU  =  H{s,t)  D  dU  and 
V{s)  ndU  =  H{t,  s)  n  dU;  also  e{x,  s)  enters  H{s,  t)  and  ^(i,  t)  enters  H{t,  s).  Since 
g{x,  s)  does  not  intersect  ^(i,  t)  again,  the  ordering  of  x,  s,  i  must  be  counterclockwise 
around  dU. 

We  claim  s,  u,  and  f  are  in  that  counterclockwise  order  on  dU,  where  u  is  the 
closest  shadow  of  g{x,u).  Let  r  and  /  be  the  clockwise  ajid  counterclockwise  extreme 
points  of  S  from  i,  with  f  and  /closest  shadows  of  g{x,  r)  eind  ^(x,  /),  respectively.  By 
Lemma  2.3.2(2),  dU[f,  I\  does  not  contain  x.  By  Lemma  4.1.5,  s,  t  axe  on  the  far  side 
of  S  from  X.  Hence  by  Corollary  2.4.2,  s,t  E  dU[f,  I\,  and  in  fact  the  counterclockwise 
order  must  be  f,  5,  f,  /,  since  dU[3,i]  does  not  contain  i.  By  Corollary  2.4.2,  r,  s, 
t,  I  appear  in  that  counterclockwise  order  on  C;  since  u  appears  between  5  asid  t, 
u  is  on  the  far  side  of  5  from  x.  Again  by  Corollary  2.4.2,  I,  u,  i  appear  in  that 
counterclockwise  order  on  dU. 

Now  suppose,  contrary  to  the  Lemma,  that  V{u)  is  not  empty;  we  will  obtain  a 
contradiction.  Since  Voronoi  cells  are  connected  to  dU,  there  is  y  6  V{u)  D  dU.  Now 
y  ^  X  since  Voronoi  cells  axe  relatively  open,  amd  x  lies  on  the  boundary  of  V{s)  (and 

v{t)). 

As  s,  u,  and  t  are  distinct  extreme  elements  of  5,  the  set  {s^u^t}  is  extreme.  As 
X  €  dU,  it  is  impossible  for  x  to  lie  in  the  interior  of  Asut.  Moreover,  s,u,  and  t  are  on 
the  far  side  of  {s,  u,  t}  from  x  (in  that  counterclockwise  order).  Thus  either  x  €  5(3,  <) 
or  {5,u,<,x}  is  extreme  (with  5,  u,  t,  x,  occurring  in  that  counterclockwise  order). 
In  either  case  g{x,u)  intersects  g{s,t)  and  enters  {/[5,f]  at  some  point  u'  (as  u  is  an 
extreme  point  of  C  lying  counterclockwise  between  s  and  t).  Assume  y  G  U[x,u],  the 
case  y  G  C/[u,  x]  is  similar.  Lemma  4.1.6  implies  that  g{y,t)  does  not  intersect  g{x,u). 
As  t  lies  in  the  relative  interior  of  L'^fujx]  and  y  lies  in  C/[x,ti],  g{y,t)  must  intersect 
uu  at  some  point  u"  ^  u.  This  implies  that  the  portion  of  g{x,u)  from  u'  to  u" 
inclusive  is  contained  in  the  triangle  Ayst;  in  particular  u  €  Aysi.  By  Lemma  2.2.1, 
this  contradicts  the  choice  of  it  ^  s,<  as  a  site  furthest  from  y.  Q 


82 

Corollary  4.1.8  (Ordering  Lemma)  The  ordering  of  sites  with  nonempty  Voronoi 
cells  around  dC  is  the  same  as  the  ordering  of  these  Voronoi  cells  around  dU. 

Lemma  4.1.9  Suppose  {ui,  ...,Um}  and  {ui,...,Vm}  <^f^  separated  by  some  boundary 
geodesic  g{x,y).  Then  there  is  a  total  of  at  most  0{m  +  n)  distinct  links  in  paths 
g{ui,v,),  i  =  l,...,m. 

Proof:  By  a  proof  essentially  identical  to  that  of  Lemma  4  of  Suri  [SurST],  for  each  i 
there  are  at  most  three  links  of  ^(u,,  u.)  which  are  not  links  of  the  shortest  path  trees 
T{x)  or  T{y).  (Three  links  axe  needed  rather  than  one,  as  in  [Sur87],  because  u,v 
need  not  be  corners  of  dU.)  □ 

Lemma  4.1.10  For  a  given  set  S  of  sites,  there  are  three  boundary  geodesies  gi,g2,g3 
so  that  for  any  point  a  6  dU  and  any  site  b  furthest  from  a  one  of  the  geodesies 
separates  a  from  b. 

Proof:  Refer  to  Figure  4.3.  Pick  x  G  5  arbitrarily.  Let  y  be  a  site  furthest  from  x 
and  2  a  site  furthest  from  y.  We  cirgue  the  case  that  x,y,z  are  distinct  and  appear 
in  that  counterclockwise  order  jo-ound  dC;  the  case  that  x  =  z  is  easier  and  the  case 
that  the  order  is  x,z,y  is  similax. 

We  claim  that  we  can  choose  a  site  w  furthest  from  z  in  dC[x,y].  We  first  show 
that  w  can  be  chosen  to  lie  in  5C[z,z]:  if  we  can  only  choose  a  w  furthest  from  z  in 
dC[z,x]  —  {x},  then  in  particular  d{z,w)  >  d{z,y).  We  also  have  d{x,y)  >  d{x,z) 
and  d{y,z)  >  d{y,w),  so  adding  edl  three  inequalities  we  get  d{x,y)  +  d{z,w)  > 
d{x,  z)  +  d{y,  w).  This  contradicts  the  triangle  inequality  as  can  be  seen  by  considering 
a  point  in  the  intersection  of  ^(y,^;)  cind  g{x,z).  Now  w  cannot  be  in  dC[y,z]  —  {y}, 
else  g{x,w)  intersects  g{y,z),  a  contradiction  of  Lemma  4.1.6,  taking  u  =  x,  t  =  w, 
u  =  z,  and  s  =  y.  Hence  we  can  choose  w  in  dC[x,y]. 

Let  x',y',  z'  and  y,  z,  w  be  the  closest  foreshadows  and  closest  shadows  of  g{x,y), 
g{y,z),  and  g{z,w),  respectively.  We  claim  y'  G  dU[x',y]:  this  is  immediate  if 
y  e  dU  or  g{x,y)  and  g{z,y)  share  a  common  final  link;  otherwise  it  follows  from 
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w 


Figure  4.3:  Illustration  to  the  proof  of  Lemma  4.1.10 


Lemma  2.2.4(1),  since  y'  is  the  closest  shadow  of  g{z,y).  Similarly  z'  €  dU[y',z]  and 
x'  e  dU[z',w]. 

Now  by  the  Extension  Lemma,  x',  y',  z'  have  y,z,w  as  their  respective  furthest 
sites.  By  the  Ordering  Lemma,  all  points  in  5C/[x*,y']  have  furthest  sites  in  dC[y,z]; 
clearly  gix^y)  separates  dU[x'^y']  from  dC[y,z].  Simileirly  the  sites  furthest  from 
dU[y',  z']  lie  in  dC[z,  w]  and  these  two  sets  are  separated  by  g{y,  z).  Fiucilly,  the  sites 
furthest  from  dU[2*,x*]  lie  in  dC[w,y]  and  these  two  sets  aje  separated  by  g{z,x). 
Thus  g{x,  y),  g{y,  z),  anxd  g{z,  w)  are  three  geodesies  with  the  desired  properties.  Note 
that  in  fact  i*  can  have  furthest  sites  both  in  dC[y,  z]  aind  dC[w,  y],  and  similarly  for 
y*  cind  z',  while  each  of  the  remaining  points  of  dU  hcis  its  furthest  sites  in  exactly 
one  of  dC[y,z],dC[z,w],dO[w,y].  D 
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Figure  4.4:  Refined  Voronoi  diagram  of  the  sites  of  Figure  4.1. 


4.1.3     The  Refined  Voronoi  Diagram 

The  Voronoi  diagram  V  cleaxly  has  0{k)  edges,  since  together  with  dU  it  forms  a 
planar  graph  with  at  most  k  boimded  regions,  and  all  vertices  of  degree  three  or 
more.  However,  this  is  not  an  accurate  description  of  the  size  complexity  of  the 
Voronoi  diagram,  since  each  Voronoi  edge  may  consist  of  sections  of  several  different 
hyperbolic  arcs  (as  in  the  closest-site  case).  This  Section  discusses  a  refinement  of 
the  Voronoi  partition,  obtained  by  further  subdividing  each  Voronoi  cell  V{s)  by  the 
shortest  path  partition  from  s.  Each  bounding  edge  of  a  refined  Voronoi  cell  is  a  line 
segment  or  a  section  of  a  hyperbola.  The  main  theorem  is  a  linear  bound  on  the  size 
complexity  of  the  refined  Voronoi  diagrajn.  This  implies  an  0{n  +  k)  bound  on  the 
size  complexity  of  the  Voronoi  diagraun  itself. 

The  refined  Voronoi  cell  of  site  s  with  anchor  a,  V^{s),  is  V{s)  fl  Pais).  The 
refined  bisector  edge  e*j(s,<)  is  e{s,t)nPa{s)r]Pb{t).  The  refined  partition  edge  (from 
s  with  anchor  a),  pUs),  is  V{s)  npo(s).  A  refined  Voronoi  edge  is  a  refined  bisector 
edge  or  a  refined  partition  edge.  Refer  to  Figure  4.4.  Observe  that  distinct  refined 
Voronoi  edges  are  disjoint  (except  possibly  at  their  endpoints).  Refined  Voronoi  edges 
consisting  of  a  single  point  and  empty  refined  Voronoi  cells  and  edges  are  disregarded. 

Suppose  e*j(5,/)  is  not  empty.  It  is  easy  to  see  that  each  endpoint  of  e^(,(5,i)  is 
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either  a  vertex  of  V,  a  hitpoint,  or  a  breakpoint  (refer  to  Section  2.6).  Moreover, 
e*(,(5,<)  does  not  contain  breakpoints  (except  possibly  as  endpoints).  Consequently 
e*(,(5,  t)  is  a  hyperbolic  arc  or  a  line  segment. 

Lemma  4.1.11  Either  p'^{s)  is  empty,  or  it  is  all  of  pa{s),  or  it  has  an  open  endpoint 
at  a  breakpoint  of  e{s,t)  for  some  site  t  and  closed  endpoint  on  dU .  (The  latter  two 
cases  are  illustrated  in  Figure  4-4-) 

Proof:  Suppose  pl{s)  is  not  empty  and  is  not  all  of  pa{s)  =  ay  (where  y  6  dU).  Then 
Pa{s)  must  intersect  some  edge  e{s,t)  before  first  entering  V(s).  By  the  Extension 
Lemma,  the  intersection  is  a  single  point  x,  and  p^is)  =  xy  —  {x]  is  contained  in 
V{s).  D 

Suppose  pI{s)  is  a  refined  partition  edge  of  V'(5).  Let  t{pl{s))  be  the  first  link  of 
the  geodesic  g{a,s),  directed  towards  s.  Then  by  definition  of  the  refined  partition 
edge  pI{s),  Pa{s)  and  t{pl{s))  are  collinear  and  meet  at  a.  We  claim  that  if  p*(5)  and 
pIi{s')  are  distinct  refined  partition  edges,  then  t{pl{s))  and  t{pl,{s'))  are  distinct,  at 
least  as  directed  links.  This  claim  certainly  holds  ii  a  ^  a'.  If  a  =  a',  then  we  must 
have  s  ^  s'  hy  the  previous  Lemma.  Since  pl{s)  C  V{s)  and  pli{s')  C  V{s'),  we  must 
have  6{a,s)  ^  6{a,s').  Since  t{pl{s))  and  t{pl{s'))  have  these  respective  directions, 
they  must  be  distinct. 

Lemma  4.1.12  Linkt{pl{s))  is  a  link  ofg{v,s),  where  v  can  be  chosen  to  be  a  corner 
lying  in  dU  D  V{s)  or  a  hitpoint  ofV{s)  (i.e.  an  endpoint  of  dU  D  V(^s)). 

Proof:  Let  Pa{s)  =  ay,  y  G  dU  H  V{s).  Segment  ay  partitions  U  into  two  polygonal 
regions  Ui  and  U2  so  that  Ui  contains  s  and  every  geodesic  to  s  from  a  point  in  U2 
contains  t{pl{s)).  If  we  traverse  dU  D  U2  starting  at  y,  we  must  encounter  either  the 
endpoint  of  dU  n  V{s)  or  a  corner  of  dU  lying  in  y{s).  □ 

The  refined  Voronoi  diagram,  V,  is  the  union  of  all  refined  Voronoi  edges.  A  vertex 
of  V  is  a  vertex  of  V  or  a  breakpoint.  A  hitpoint  of  V  is  a  hitpoint  of  V  or  the  point  of 
intersection  of  a  refined  partition  edge  with  dU  (in  the  case  when  the  refined  partition 
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edge  coincides  with  a  shortest  path  partition  edge,  only  its  non-anchor  endpoint  is 
considered  a  hitpoint). 

Lemma  4.1.13   There  are  at  most  0{n  -f-  k)  refined  Voronoi  edges  and  vertices. 

Proof:  Clearly  V  has  k  cells,  hence  k  hitpoints  and  0{k)  edges.  We  show  that  there 
are  only  0{n  +  k)  refined  partition  edges.  Since  each  refined  partition  edge  contributes 
a  single  breakpoint,  it  follows  that  there  are  only  0{n  +  k)  refined  bisector  edges.  By 
planarity,  there  are  only  0{n  +  k)  vertices  in  V*  as  well. 

By  Lemma  4.1.10,  there  are  three  boundary  geodesies  pi,  g2,  53  and  a  partition 
of  dU  into  three  fragments  ai,  a^,  cr^  so  that  for  i  =  1,2,3,  g,  separates  every  point 
in  (T,  from  its  furthest  sites.  (This  is  not  strictly  true  for  the  endpoints  of  a,,  but  the 
argument  is  similar.)  Let  W,  be  the  union  of  the  sets  of  links  of  geodesies  g{v,w), 
where  f  is  a  corner  of  dU  lying  in  a,  and  w  is  the  unique  site  furthest  from  v  or 
where  u  is  a  hitpoint  of  V  lying  in  cr,  and  w  is  one  of  the  two  sites  whose  Voronoi  cell 
boundary  contains  v.  Since  there  are  k  hitpoints  and  n  corners  in  all  of  dU,  there 
axe  certainly  at  most  as  many  in  each  cr,.  By  Lemma  4.1.9,  there  are  0{n  +  k)  links 
in  Wi.  Now  modify  Wi  so  that  it  contains  for  each  link  two  oppositely  directed  links; 
this  doubles  its  size.  By  Lemma  4.1.12,  if  p*  is  a  refined  partition  edge,  then  i(p*)  is 
in  Wi,  for  some  i  =  1,2,3.  Since  each  <(Pa)  corresponds  to  a  unique  refined  partition 
edge,  there  are  at  most  0{n  +  k)  such  edges.  □ 

4.1.4     Directing  Edges  of  the  Refined  Voronoi  Diagram 

We  let  c  be  the  (geodesic)  center  of  C. 

Necessarily  c  lies  on  some  Voronoi  edge,  since  there  must  be  (at  least)  two  sites 
attaining  the  maximum  distance  from  c. 

Lemma  4.1.14  Suppose  s  is  a  site  furthest  from  x  E.  U .  Then  the  angle  between 
6{x,s)  and  6{x,c)  is  less  than  z/2. 
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Proof:  Suppose  the  angle  between  ^(i,  s)  emd  6(x,  c)  is  at  least  n/2.  By  Lemma  2.2.2, 
d{c,s)  >  d{x,s).  But  since  s  is  a  furthest  site  from  i,  rad{x,C)  =  d{x,s).  This 
contradicts  the  choice  of  c  cis  the  center  of  C.  □ 

We  use  this  Lemma  to  direct  each  refined  Voronoi  edge  towards  c  (if  there  is  a 
Voronoi  edge  containing  c  in  its  interior,  we  split  the  edge  at  c).  We  show  how  to 
direct  an  edge  e(5,i)  of  the  (unrefined)  Voronoi  diagram;  this  direction  extends  to 
each  refined  bisector  edge.  A  similar  argument  directs  each  refined  partition  edge. 
Suppose  X  G  e(5,<),  x  ^  c.  Since  e{s,t)  bisects  Lsxt  and  both  the  angle  between 
6{x,c)  and  ^(x,^)  and  the  angle  between  0{x,c)  and  0{x,t)  ase  less  than  7r/2,  it  is 
not  possible  that  0{x,c)  is  perpendicular  to  e{s,t)  at  x.  Hence  we  can  direct  e{s,t) 
towards  c  locally  at  x.  If  c  ^  e{s,t),  this  direction  extends  globally  to  e{s,t)  (since 
direction  towards  c  is  a  continuous  function  away  from  the  corners  and  can  never  be 
perpendicular  to  e{s,  t)).  If  c  £  e(5,  t),  then  e(s,  t)  is  split  at  c  into  two  portions,  each 
of  which  is  consistently  directed  towards  c. 

Lemma  4.1.15  Suppose  v  ^  dU  is  a  vertex  ofV.  Then  there  are  at  least  two  edges 
ofV  entering  v  and  exactly  one  edge  of  V  leaving  v. 

Proof:  We  consider  the  case  that  v  is  in  fact  a  vertex  of  V;  the  case  that  i;  is  a 
breakpoint  is  similar.  For  simplicity  assume  there  are  exactly  three  sites  equidistant 
from  V.  Label  the  sites  r,  s,  t  so  that  6{v,  r),  9{v,  s),  and  0{v,  t)  are  in  counterclockwise 
order  leaving  v  so  that  mLrvt  <  n.  (This  is  possible  by  the  previous  Lemma  as  each 
of  the  angles  formed  between  9{v,c)  and  6{v,r),  9{v,s)  or  0{v,t)  has  measure  less 
than  7r/2.)  By  Lemma  4.1.2,  Voronoi  edges  e{r,s),  e{s,t),  and  e{t,r)  are  incident  to 
V  and  extend  in  directions  bisecting  angles  Isvr,  /.tvs,  and  Irvt,  respectively.  Hence 
edges  e{r,s)  and  e{s,t)  enter  v  and  e(t,r)  leaves  v.  The  general  case  of  a  vertex  of 
arbitrary  high  degree  is  handled  analogously.  Vertices  v  ^  dU  of  degree  two  or  less 
do  not  occur  by  definition  of  V.  O 

Suppose  Voronoi  edge  e{s,t)  intersects  dU  at  hitpoint  x;  recall  that  by  the  general 
position  assumption  x  is  not  a  corner  of  dU.  Then  e{s,t)  is  directed  into  the  interior 
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of  U,  because  6{x,c)  mcikes  an  angle  strictly  less  than  7r/2  with  both  ^(x,5)  and 
6[x,t),  and  none  of  6{x,s),  9{x,t)  and  6{x,c)  can  leave  U  aX  x.  A  similar  argument 
shows  that  refined  partition  edges  are  directed  away  from  dU  at  hitpoints. 

Corollary  4.1.16  The  unrefined  Voronoi  diagram  V  forms  a  (directed)  tree  with  root 
c  and  edges  directed  towards  c. 

Proof:  No  cycles  are  possible  because  otherwise  some  Voronoi  cell  would  be  separated 
from  dU.  Only  c  has  out-degree  zero;  every  other  vertex  or  hitpoint  of  V  has  out- 
degree  1,  so  V  is  a  root-directed  tree.  □ 
The  refined  Voronoi  diagram  V*  consists  of  V  together  with  refined  partition  edges. 
Each  such  edge  must  lie  entirely  within  a  single  Voronoi  cell,  having  one  endpoint  on 
dU  and  the  other  endpoint  at  a  reflex  corner  or  on  V  (by  Lemma  4.1.11). 

4.2      The  Algorithm 

This  Section  contains  the  algorithm  for  computing  V.  An  outline  of  the  algorithm 
is  given  in  Figure  4.5.  Step  1  can  be  performed  in  time  0(n  log  n)  [GJPT78].  The 
relative  convex  hull  computation  of  the  second  step  can  be  accomplished  in  time 
0((n  +  k)\og{n  +  k))  [Tou86].  The  third  step  also  takes  time  0((n  +  k)\og{n  +  k)) 
and  is  described  in  Lemma  4.2.1  below.  The  fourth  step,  the  most  difficult  of  the 
algorithm,  is  the  computation  of  V*  restricted  to  dU.  It  is  discussed  in  Sections  4.2.1 
through  4.2.4.  The  last  step  is  the  extension  of  V  to  the  interior  of  U.  This  is  done 
using  a  "reverse  geodesic  sweeping"  algorithm,  discussed  in  Section  4.2.5  below.  Both 
the  fourth  and  the  fifth  steps  take  time  0{{n  +  k)  log(n  +  k)). 

The  computation  of  V*  restricted  to  dU  is  quite  similar  in  outline  to  Suri's  algo- 
rithm for  furthest  geodesic  neighbors  inside  a  simple  polygon[Sur87].  We  first  reduce 
the  computation  of  V  on  dU  to  at  most  three  instances  of  the  "two-fragment  prob- 
lem." Roughly,  an  instance  of  the  two-fragment  problem  consists  of  a  fragment  of 
dU  and  a  fragment  of  dC  so  that  all  furthest  sites  of  points  in  the  fragment  of  dU 
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Input:     A  polygon  U  with  n  sides  and  a,  set  S  C  U  oi  k  sites. 

Output:  The  refined  furthest-site  geodesic  Voronoi  diagram  V  =  V£r(5). 

1.  Triangulate  t/. 

2.  Compute  C,  the  relative  convex  hull  of  5,  and  discard  all  non-extreme  sites 
of  5. 

3.  Determine  two  or  three  two-fragment  instances  so  that  the  union  of  the 
source  fragments  is  dU . 

4.  Compute  V*  n  dU  by  calling  rgfs(u,v,s,t)  for  each  two-fragment  instance 
{u,v,s,t). 

5.  Call  sweep  to  extend  V*  to  the  interior  of  U. 


Figure  4.5:  Procedure  gfv. 

are  contained  in  the  fragment  of  dC  (the  objective  is  computing  V*  restricted  to  the 
fragment  of  dU).  Such  a  pair  must  also  satisfy  a  technical  condition  given  below; 
this  reduction  appears  in  Section  4.2.1.  The  algorithm  to  solve  the  two- fragment 
problem  is  based  on  a  divide-and-conquer  schema  that  splits  an  instance  into  two 
smaller  instances.  The  basic  properties  of  the  divide-and-conquer  schema  appear  in 
Section  4.2.2.  Section  4.2.3  contains  the  exact  splitting  method  and  the  procedures 
for  handling  the  base  cases  of  the  recursion.  The  complexity  analysis  appears  in  Sec- 
tion 4.2.4.  We  show  that  the  sum  of  all  instance  sizes  at  each  level  of  recursion  is 
linear  in  n  +  ^.  This  implies  over  all  0{{n  -j-  k)  log(n  +  k))  running  time. 

We  work  with  polygonal  relatively  convex  sets  in  addition  to  simple  polygons. 
Any  such  relatively 'convex  set  Q  can  be  decomposed  into  a  collection  of  plateaus 
and  ridges.  Clearly  a  triangulation  of  Q  can  be  obtained  just  by  triangulating  each 
plateau  in  the  decomposition.  This  is  easily  done  in  time  0(m  log  m)  [GJPT78],  if  m 
is  the  number  of  segments  in  the  boundary  of  Q.  Similarly  a  shortest  path  partition 
of  Q  from  an  arbitrary  point  in  it  can  be  obtained  by  using  a  shortest  path  partition 
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algorithm  in  each  plateau  of  the  decomposition.  If  Q  has  been  triangulated,  this  takes 
time  0{m)  [GHL*87]. 

4.2.1      The  Two-Fragment  Problem 

A  two-fragment  instance  is  a  quadruple  (u,u,5,i)  where  u,u  G  dU ,  u  7^  u,  5  is  a  site 
furthest  from  u,  i  is  a  site  furthest  from  v  (possibly  5  =  <),  and  g[u,v)  separates 
dU[u,v]  from  dC[s,t].  The  two-fragment  problem  is  "Given  two-fragment  instance 
(u,i;,5,i),  compute  V  n  3[/[u,u]."  Observe  that  by  the  Ordering  Lemma,  only  the 
Voronoi  cells  of  sites  in  dC[s^i]  can  intersect  dU[u,v].  The  source  fragment  of  two- 
fragment  instance  {u,v,s,t)  is  dU[u,v]\  the  target  fragment  is  dC[s,t\. 

Lemma  4.2.1  There  exists  a  set  of  at  most  three  instances  of  the  two-fragment  prob- 
lem so  that  the  union  of  the  source  fragments  is  dU .  The  instances  each  have  size 
0{n  -\-  k)  and  can  be  computed  in  time  0{{n  -\-  A:)log(n  -{-  k))  given  a  triangulation  of 
U. 

Proof:  Choose  x,  y,  2,  w,  x',  y',  z'  as  in  the  proof  of  Lemma  4.1.10.  It  is  clear  that 
{x',y',y,  2),  (y*,  2',  2,11;),  and  {z',x'^w,y)  are  two-fragment  instances  each  of  size  at 
most  0{n-\-k);  their  source  fragments  cover  dU.  As  for  computing  them,  the  choice  of 
X  was  arbitrary.  Site  y  can  be  determined  in  time  0{{n  -t-  k)  log(n  -\-k))  by  computing 
the  shortest  path  tree  from  x,  then  determining  the  distance  from  every  site  to  x 
using  a  planar  point  location  algorithm  in  the  resulting  shortest  path  partition.  Sites 
2  and  w  can  be  determined  similarly.  Surely  x',y',z'  can  be  computed  in  additional 
time  0{n).  The  case  when  x  =  2  is  handled  similarly.  O 

Let  D  be  the  relative  convex  hull  of  the  sites  on  dC[s,t].  Clearly  the  ordering  of 
sites  on  D  is  the  same  as  on  C,  with  the  addition  that  s  immediately  follows  t  in 
counterclockwise  order.  Let  R{u,v,s,t)  be  the  relative  convex  hull  of  dU[u,v]  and 
D.  See  Figure  4.6. 

We  say  (u,  v,  5,  t)  is  degenerate  if  D  is  contained  in  g{u,  v).  If  (u,  f ,  s,  t)  is  degener- 
ate, there  can  be  no  sites  in  D  besides  s  and  t  and,  by  Lemma  4.1.6,  the  order  along 
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Figure  4.6:  Solid  outlines  D\  dashes  outline  i?(u,v,5,i). 

g(u^v)  must  be  u,  i,  5,  v.  In  this  case  we  define  /  =  t  and  r  =  s. 

Suppose  (u,u,s,t)  is  not  degenerate.  Let  /  be  the  counterclockwise  extreme  point 
of  D  from  u  and  r  the  clockwise  extreme  point  of  D  from  v.  By  Lemma  2.4.3,  dlJ\u,  u], 
g{v,r),  dD[r,l]  (if  r  ^  /),  and  5'(/,u)  constitute  a  counterclockwise  traversal  of  the 
boundary  of  R{u,  u,  5,  t).  It  is  an  immediate  consequence  of  the  following  Lemma  that 
dD[r,  I]  is  a  subpath  of  dC[s,  t]  (if  r  =  /,  we  only  require  r  =  I  e.  dC[s,  t]). 

Lemma  4.2.2  Sites  s,  r,  I,  t  are  in  that  counterclockwise  order  on  dD,  not  neces- 
sarily all  distinct. 


Proof:  The  Lemma  is  trivial  if  5  =  ^  or  if  {u,v,s,t)  is  degenerate,  so  assume  5  7^  t 
and  (u,t;,5,t)  is  not  degenerate.  Assume  r  7^  /.  We  show  that  if  s  appears  on  dD[r,  I] 
then  r  =  s  and  if  t  appears  on  dD[r,  /],  then  t  =  /.  Since  s  is  the  extreme  point  of  D 
immediately  counterclockwise  from  t.  this  implies  the  Lemma. 

Suppose  t  appears  on  dD[r,l]  and  t  7^  /.  Since  s  is  immediately  counterclockwise 
from  <,  s  is  also  an  extreme  point  of  D  lying  on  dD[r,  I]  and  thus  an  extreme  point  of 
R{u,v,s,t).  Then  t,  s,  u,  and  v  appear  in  that  order  on  a  counterclockwise  traversal 
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of  dR{u,  u,  s,  t),  which  by  Lemma  2.3.7  implies  that  g{t,  u)  meets  g{v,  s),  contrary  to 
Lemma  4.1.6. 

Turning  to  the  case  r  =  /,  the  Lemma  is  contradicted  only  if  s,  <,  r  =  /  are  distinct 
and  lie  in  that  counterclockwise  order  on  dD.  But  this  is  impossible,  as  s  immediately 
follows  t  on  dD.  ^ 

We  wish  to  give  a  definition  of  "left  side  connector"  and  "right  side  connector"  to 
capture  the  bounding  edges  of  R{u,v.,s,t)  not  in  dC[r,l]  and  dU[u,v].  The  obvious 
definitions  aie  g{uj)  and  g{v,r),  respectively.  Unfortunately,  these  definitions  are 
not  adequate.  In  Section  4.2.4,  we  analyze  the  size  of  side  connectors;  one  crucial 
property  used  in  our  argument  is  that,  \i  s  ^  t,  then  the  left  and  right  side  connectors 
are  disjoint  except  possibly  at  their  endpoints  (Lemma  4.2.3  below).  Unfortunately, 
this  is  not  true  for  side  connectors  defined  as  g{u,l)  and  g{v,r).  See  Figure  4.6(b). 

It  is  clear  that  geodesic  g{v,r)  has  connected  intersection  with  dD;  furthermore  if 
the  intersection  is  more  than  a  point  it  must  be  some  final  portion  of  geodesic  g{r',  r), 
r'  the  site  of  D  immediately  clockwise  of  r.  Let  f  be  r  if  r  =  5,  otherwise  let  r  be 
the  first  point  of  g[r\r)  intersected  by  g{v,r).  The  right  side  connector  of  (u,f,s,i) 
is  g{v,  f).  Similarly,  we  define  the  left  side  connector  of  (u,  v,  5,  t)  to  be  g{u,  I)  where 
/  is  /  if  /  =  i,  otherwise  /  is  the  first  point  of  g{l\  I)  intersected  by  g{u,  I),  where  /'  is 
the  site  of  D  immediately  counterclockwise  from  /.  See  Figure  4.6.  A  connector  edge 
is  a  link  in  either  the  left  or  right  connector. 

The  size  of  {u,v,s,t),  denoted  ||(u,?;,5,0ll,  is  ||5C[s,<]||  +  ||5t/[u,i;]ll  plus  the 
sizes  of  the  side  connectors.  Since  dD[r,l]  is  a  subpath  of  dC[s,t],  it  is  clear  that 
\\dR{u,v,s,t)\\<\\{u,v,s,t)\\. 

Lemma  4.2.3  If  the  side  connectors  of  a  two-fragment  instance  (u,u,5,t)  meet  at  a 
point  other  than  one  of  their  endpoints,  then  s  =  t. 

Proof:  If  {u,v,s,t)  is  degenerate,  then  u,  I  =  t,  r  =  s,  v  appear  in  that  order  along 
g{u,v),  and  the  side  connectors  are  disjoint  unless  /  =  r,  which  in  turn  forces  s  =  t. 
So  suppose  {u,v,s,t)  is  not  degenerate  and  point  a  ^  u,v,r,l  is  common  to  both 
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side  connectors.  Without  loss  of  generality  we  may  assume  that  a  is  a  reflex  corner 
of  dU .  Deleting  a  splits  R{u,v,s,t)  into  two  components,  whose  closures  i?i  and  R2 
are  relatively  convex  polygonal  regions  with  the  property  that  a  geodesic  connecting 
two  points  of  R{u,v,s,t)  —  {a}  parses  through  a  if  and  only  if  one  of  the  points 
lies  in  Ri  —  {a}  and  the  other  in  R2  —  {a}.  Since  a  lies  on  the  left  connector  and 
thus  on  g{u,l),  either  u  E  Ri  and  /  G  /?2  or  vice  versa  (and  similarly  for  v  and  r). 
Since  dU[u,  v],  g{v,r),  dC[r,  /],  g{l,  u)  constitute  a  traversal  of  dR{u,  v,s,t)  and  such 
a  traversal  cannot  visit  any  point  more  than  twice,  dU[u,v]  and  dC[r,l]  do  not  meet 
a.  In  particular,  u  and  v  lie  in  the  same  component.  Similarly,  r  and  /  must  lie  in 
the  same  component. 

Without  loss  of  generality,  cissume  that  i?i  contains  u  and  v  and  R2  contains  r  and 
/.  Now  also  5  0  jRi,  else  a  would  appear  on  dD[s,r]  and  thus  could  not  lie  on  a  side 
connector.  Hence  s  6  i?2,  similarly  t  G  -^2-  Thus  s  is  furthest  from  u,  t  is  furthest 
from  u,  but  both  g{u,t)  and  g{v,s)  pass  through  a,  implying  s  =  t  by  Lemma  4.1.6. 
D 

4.2.2      The  Recursion  Scheme 

Figure  4.7  contains  a  recursive  procedure  rgfs  for  solving  the  two- fragment  problem. 
Section  4.2.3  discusses  the  base  cases  and  the  choice  of  the  splitting  point  w,  while 
the  complexity  analysis  is  contained  in  Section  4.2.4.  We  now  discuss  some  bzisic  data 
structures  needed  for  the  recursion. 

At  each  level  of  recursion,  we  need  to  have  available  the  boundary  of  R{u,v,s,t) 
and  a  triangulation  of  its  interior.  For  the  topmost  level,  the  boundary  of  R{u,v,s,  t ) 
can  be  constructed  using  the  relative  convex  hull  algorithm  of  Toussaint[Tou86];  this 
takes  time  0{{n  -\-  k)\og{n  +  k)).  Then  it  can  be  triangulated  in  additional  time 
0{{n  +  k)\og{n  +  k))  [GJPT78]. 

For  the  recursive  step,  having  determined  the  splitting  point  w,  we  need  lo 
compute  f{w)  and  the  boundaries  and  triangulations  of  both  R{u,w,s,  f{w))  and 
R{w,v,  f{w),t)  in  total  time  0(||(u,u,s,f)||).   To  compute  f{w)  it  suflaces  to  know 
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Procedure  rgfs{u,v,s,t) 

IF  dU[u,v]  or  dC[s,t]  is  a  beise  case 

THEN  compute  dU[u,v]  fl  V*  directly 

ELSE    choose  w  £  dU[u,v 

locate  a  site  f{w)  furthest  from  w 

call  rgfs{u,w,s,f{w))  and  rgfs{w, 

vj{w),t) 

END 

Figure  4.7:  Recursive  procedure  rgfs. 


the  geodesic  distance  dy^{r)  for  every  site  r  in  5C[5,i];  du;{r)  can  be  determined  in 
constant  time  if  the  cell  of  the  shortest  path  partition  of  R{u,  v,  s,t)  from  w  contain- 
ing r  is  known.  The  cell  containing  r  for  all  sites  r  in  dC[s,t]  can  be  determined 
in  total  time  0(||(u, ti,5,<)||)  as  follows.  We  assume  the  shortest  path  partition  of 
R{u,v,s,t)  from  w  has  been  computed  and  refined  to  a  triangulation  (this  takes  only 
linear  additional  time);  hence  each  cell  is  a  triangle.  First  locate  the  triangle  contain- 
ing 5;  this  clearly  can  be  done  in  the  allowed  time  bound.  Then  traverse  dC[s,t],  in 
one  step  moving  to  the  next  vertex  of  5C[5,i]  or  to  the  next  intersection  of  the  cur- 
rent edge  of  dC[s,t]  with  the  boundary  dA  of  the  current  triangle  A  of  the  shortest 
path  partition  from  w.  Notice  that  the  intersection  of  dC  with  A  has  at  most  three 
connected  components,  since  C  is  relatively  convex.  Hence  the  traversal  of  dC[s,t] 
takes  total  time  0(||(u,u,  s,i)||),  as  the  charge  for  a  step  to  a  vertex  of  dC[s,t]  can 
be  allotted  to  the  vertex  and  the  step  to  an  intersection  with  A  can  be  allotted  to 
one  of  the  three  connected  components  of  A  n  dC[s,  t]. 

We  compute  the  boundary  and  triangulation  of  R{u,w,s,  f{w))  as  follows  (han- 
dling R{w,v,  f{w),t)  is  similar).  If  {u,w,s,f{w))  is  degenerate,  both  the  boundary 
and  triangulation  of  R{u,w,s,f{'w))  can  be  easily  obtained  from  the  shortest  path 
partition  of  R{u,v,s,t)  from  w.  Otherwise  compute  r',  the  clockwise  extreme  point 
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of  dC[s,f{w)]  from  w  using  the  shortest  path  partition  from  w.  Similarly  /',  the 
counterclockwise  extreme  point  of  dC[3,f{w)]  from  u,  can  be  determined  by  com- 
puting the  shortest  path  partition  of  R{u,v,s,t)  from  u.  Now  since  /'  is  extreme  in 
R{u,w,s,f{w)),  g{w,l')  splits  R{u,w,s, /{w))  into  two  pieces,  one  piece  lying  to  the 
left  and  one  to  the  right.  (Possibly  one  or  the  other  is  just  g{w,l').)  A  triangulation 
of  the  piece  lying  to  the  right  can  be  obtained  by  refining  the  shortest  path  partition 
of  R{u,v,s,t)  from  w.  Similarly  a  triangulation  of  the  piece  lying  to  the  left  can  be 
obtained  by  refining  the  shortest  path  partition  of  R{u,  v,  s,  t)  from  /'.  Notice  the  links 
in  g{u,l'),  g{w,l')  and  g{w,r')  are  used  as  triangle  edges  in  this  triangulation.  The 
left  and  right  side  connectors  of  R{u,w,s,f{w))  are  easily  determined  from  g(u,l') 
and  g{w,r').  This  computation  can  clearly  be  done  in  time  0(||(u,  u,.s,  <)||). 

4.2.3      Choosing  Splitting  Points  and  the  Base  Cases 

If  u  and  V  do  not  lie  on  the  same  wall  of  dU,  then  splitting  point  w  is  chosen  simply 
as  the  covner  oi  dU[u,v]  so  that  -1  <  ||af7[u,  ii;]||  -  ||at/[uj,  u]i|  <  1. 

If  dC[s,t]  is  a  single  site,  i.e.,  s  —  t,  then  all  of  dU[u,v]  lies  in  V{s).  We  need 
to  find  the  refined  partition  edges  of  V  intersecting  dU[u,v];  it  is  sufficient  to  com- 
pute the  shortest  path  partition  of  R{u,v,s,t)  from  5,  which  can  be  done  in  time 
0(||(u,u,5,i)||)  given  the  triangulation  of  R{u,v,s,t)[GEL*87]. 

It  is  possible  that  s  ^  t  but  u  eind  v  lie  on  the  same  wall  of  dU.  In  this  case  there 
is  no  obvious  splitting  point  w.  We  perform  a  "partition"  step:  segment  uv  is  split 
into  subsegments  so  that  within  each  subsegment  the  shortest  path  tree  from  any 
point  on  the  subsegment  to  the  sites  on  dC[s,t]  is  combinatorially  invariant.  This 
partitioning  is  described  below;  it  results  in  0(||(u,  i;,5,<)||)  subsegments  and  takes 
time  0(||(u,  v,5,t)||  log  ||(u,i;,5,i)||).  We  introduce  the  partition  points  as  dummy 
vertices,  and  use  them  as  splitting  points  in  the  divide  and  conquer.  Notice  that  the 
partitioning  is  performed  at  most  once  on  a  path  from  the  topmost  instance  to  a 
leaf  instance  in  the  recursion  tree.  Hence  we  introduce  only  0{n  -\-  k)  such  points, 
since  the  sum  of  instance  sizes  at  each  level  of  the  recursion  tree  is  0{n  +  k)  (as 
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will  be  shown  in  Section  4.2.4).  By  the  same  token,  the  total  time  to  compute  the 
partitioning  points  is  0{{n  +  k)  log(n  +  k)). 

The  remaining  problem  is  to  handle  a  base  case  instance  (u,u,5,<),  where  s  ^  t 
and  the  shortest  path  tree  is  combinatorially  invariant  on  segment  uv  =  dU[u,v]. 
Because  of  this  invariance,  no  refined  partition  edge  of  V*  intersects  segment  uv,  in 
other  words  uv  D  V  =  uv  D  V  is  the  set  of  bisector  hitpoints  on  uv.  Notice  that, 
the  partition  induced  on  segment  uv  by  V*  is  exactly  the  partition  induced  by  the 
upper  envelope  of  the  functions  dr,  where  r  is  a  site  in  dC[s,t].  Again  because  of 
the  combinatorial  invariance  of  the  shortest  path  tree,  each  function  dr  is  "simple" 
on  segment  uv;  specifically  dr{x)  is  of  the  form  ci  +  Jc2{x)  where  c\  is  constant  and 
C2{x)  depends  quadratically  upon  the  position  of  x  on  segment  uv.  (Observe  that  the 
purpose  of  partitioning  the  originaJ  wall  was  to  ensure  that  C\  and  C2  are  fixed  over 
the  length  of  uv.  Their  values  for  each  site  r  6  dC[s,t\  are  defined  by  the  identity 
of  the  anchor  oi  x  ^  uv  with  respect  to  r  and  the  distance  from  r  to  this  anchor;  all 
pf  this  information  can  be  determined  in  linear  time  from  the  shortest-path  tree  of 
R{u,v,s,t)  from,  say,  u.)  Thus  in  constant  time  it  is  possible  to  determine,  for  a  pair 
of  sites  r  and  r'  the  (unique)  point  x  G  uv,  if  any,  for  which  dr{x)  =  dri{x).  Now  by 
the  Ordering  Lemma,  Voronoi  cells  appear  along  segment  uv  in  the  same  order  as  the 
corresponding  sites  appear  along  dC[s,t].  This  implies  that  the  upper  envelope  of  the 
functions  dr  on  segment  uv  can  be  computed  in  time  proportional  to  the  number  of 
sites  (which  is  certainly  0(||(u,f ,5,i)||)).  For  example,  an  incremental  algorithm  is 
suflBcient.  Suppose  that  the  partition  of  segment  uv  induced  by  an  initial  subsequence 
of  the  sites  on  dC[s,  t]  has  been  computed.  Then  the  partition  induced  by  adding  the 
next  site  in  order  can  be  determined  in  constant  time  plus  time  proportional  to  the 
number  of  cells  deleted  from  the  partition  of  segment  uv  computed  so  far. 

We  now  describe  the  partition  step,  which  uses  a  technique  similar  to  that  of 
[GHL*87].  We  actually  partition  segment  uv  so  that  within  each  subsegment,  the 
shortest  path  tree  to  every  site  of  dC[s,t]  and  every  vertex  of  dR{u,v,s,t)  is  combi- 
natorially invariant.  To  do  this,  compute  T{u),  the  shortest  path  tree  of  R{u,v,s,t) 
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from  u.  Include  in  T{u)  the  links  of  geodesies  from  u  to  sites  of  dC[s,  i\  not  appearing 
on  dR{u^v^s,t)  (there  can  be  at  most  one  such  hnk  per  site  not  already  in  T{u)). 
The  augmented  T{u)  can  be  computed  in  total  time  C>(||(u,t;,5,<)||)  using  the  tech- 
nique described  for  computation  of  f{w)  in  Section  4.2.2.  Similarly  compute  T{v), 
the  augmented  shortest  path  tree  from  v. 

For  each  ^,  z  either  a  site  of  5C[s,<]  or  a  vertex  of  dR{u,v,s,t),  compare  6{z,u) 
with  6{z,v).  This  is  possible  using  T[u)  and  T(v).  If  6{z,u)  =  9{z,v),  do  nothing. 
If  z  lies  on  segment  uv,  do  nothing.  Otherwise  geodesic  triangle  Azuv  must  actually 
be  a  simple  polygon  (since  uv  is  a  wall).  Pciss  a  line  through  the  first  link  of  g{z,  u); 
it  must  hit  segment  uv  since  the  interior  angles  of  Azuv  are  reflex  except  at  z,u,v. 
The  intersection  point  is  a  partition  point.  Similarly  obtain  a  partition  point  from 
the  first  link  of  g{z,v).  It  is  easy  to  see  that  the  partition  points  generated  in  this 
fashion  form  the  required  partition  of  segment  uv.  Generating  the  partition  points 
taJces  0(||(u,i;,5,/)||)  time  and  sorting  them  requires  0(||(u,i;,s,i)||  log  ||(u,  u,5,  i)||) 
time. 

4.2.4      Complexity  Analysis 

Lemma  4.2.4  Let  {ui,Vi,Si,ti)  be  a  topmost  two-fragment  instance.  There  are  at 
most  0{n  -f  k)  distinct  connector  edges  among  all  subinstances  of  {u,,v,,Si,t,). 

Proof:  By  the  discussion  of  the  preceding  Section,  there  are,  over  the  course  of 
algorithm  execution,  only  0{n  -f  k)  subinstances  of  the  two-fragment  problem,  hence 
as  many  connectors.  Since  ^(u,,  v,)  separates  dU[ui,Vi]  from  dC[s,,ti],  it  separates 
the  endpoints  of  each  connector  as  well.  Hence  by  Lemma  4.1.9,  there  are  at  most 
0{n  +  k)  distinct  connector  edges.  □ 

Lemma  4.2.5  Let  (u,,  t;,-,s,, /,)  he  a  topmost  two-fragment  instance.  At  each  level  of 
recursion,  each  connector  edge  appears  in  only  a  constant  number  of  subinstances  of 

{u^,V^,Si,t^). 
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Proof:  We  count  the  number  of  times  edge  ab  can  appear  as  a  left  connector  edge 
directed  from  a  to  6.  Notice  a  and  b  may  be  assumed  to  be  reflex  corners  of  dU, 
for  otherwise  ab  is  necessaxily  a  first  or  last  link  on  a  side  connector,  and  hence  can 
appear  in  only  one  left  connector  (three  if  ab  is  the  last  link  and  the  target  fragment 
consists  of  the  single  site  b  in  two  of  the  instances).  Let  Qa  be  the  set  of  points  x  of 
U  for  which  g{x,  b)  passes  through  a.  Similarly,  define  Qb  as  the  set  of  points  that 
can  reach  a  only  through  b.  Cleaxly  Qa  and  Qb  are  non-empty  and  disjoint.  Let 
A  be  dU[ui,Vi]  fl  Qa  and  B  be  dC[si,ti]  f)  Qb.  It  can  be  checked  that  A  is  a  single 
fragment  of  dU  and  that  B  is  a  single  fragment  of  dC  n  S.  Then  for  u  G  ^[/[u,,  u,] 
and  t  G  dC[si,  <,],  link  ab  appears  in  g{u,  t)  exactly  if  u  €  A  and  t  ^  B. 

We  first  claim  that  at  each  level  of  recursion  there  are  at  most  two  nonleaf  instances 
of  the  two-fragment  problem  for  which  both  the  source  fragment  intersects  A  and 
the  target  fragment  intersects  B.  To  see  this  suppose  {uj,Vj,Sj,tj),  j  —  1,2,3,  are 
instances  at  the  same  level,  dU[uj,  Vj]  r\  A  ^  9,  dC[s.j,  tj]  n  5  /  0,  and  Ui,  ^2,  ^3  (and 
hence  51,62,53)  are  in  that  counterclockwise  order.  Since  these  instances  are  all  at 
the  same  level  of  recursion,  v^  appears  between  1x2  and  U3  (possibly  V2  =  U3)  and 
S2  appears  between  ti  and  ^2  (possibly  s-2  =  ti).  But  then  V2  E  A,  S2  £  B,  so  the 
geodesic  g{v2.,S2)  contains  link  ab.  Recalling  that  the  relative  interior  of  ab  does  not 
lie  in  Qb  and  hence  is  disjoint  from  9C[s2,  ^2]  Q  B,  we  deduce  that  the  right  connector 
of  (1x21^21-521^2)  contains  the  relative  interior  of  ab.  Since  5(^2,^2)  also  contains  ab, 
the  relative  interior  of  ab  lies  in  the  left  connector  of  this  instance  as  well.  Hence 
S2  =  <2  by  Lemma  4.2.3  and  (^2,^21 52,^2)  is  a  leaf  instance. 

We  now  claim  that  at  each  level  of  recursion  there  are  at  most  four  instances  of 
the  two- fragment  problem  (leaf  and  nonleaf)  with  ab  appearing  as  a  left  connector 
edge.  Such  an  instance  (u,u,5,<)  must  have  u  G  A  and  t  £  B.  This  is  only  possible 
if,  for  its  parent  instance,  the  source  fragment  intersects  A  and  the  target  fragment 
intersects  B.  As  just  argued  there  are  only  two  such  parent  instances.  □ 

Theorem  4.2.6  V  n  dU  can  be  computed  in  time  0{{n  +  A;)log(n  +  k)). 

Proof:  Clearly  f/ can  be  triangulated  in  time  0(n  log  n)  [GJPT78].  By  Lemma  4.2.1, 
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there  are  three  two-fragment  instances  with  union  of  source  fragments  equal  to  dU 
that  can  be  computed  in  time  0{n  +  k).  We  show  that  rgfs  solves  the  two- fragment 
problem  in  total  time  0{[n  -\-  k)  log(n  -f-  k))  for  each  (top-level)  instance,  proving  the 
Theorem. 

Consider  the  work  performed  by  rgfs  for  all  instances  at  a  particular  level  of 
recursion,  ignoring  recursive  calls  and  the  time  required  to  partition  walls  as  discussed 
in  Section  4.2.3.  It  is  linear  in  instance  size  which  is  the  sum  of  the  sizes  of  source 
and  target  fragments  and  the  sizes  of  the  side  connectors.  The  total  size  of  source 
and  target  fragments  at  a  particular  level  of  recursion  is  0{n  +  k),  because  source 
and  target  fragments  are  partitioned  disjointly  except  for  endpoints,  and  there  are 
only  0{n  -f  k)  possible  endpoints.  By  Lemm«is  4.2.4  and  4.2.5,  the  total  size  of  all 
connectors  at  a  particular  level  of  recursion  is  also  0{n  -\-  k).  Hence  the  total  work  at 
a  particular  level  of  recursion,  summed  over  all  instances  at  the  level,  is  0{n  -t-  k). 

The  total  depth  of  recursion  is  0(log(n  -|-  k))\  at  each  step  except  for  partition 
steps,  the  size  of  a  source  fragment  is  split  in  half.  At  a  partition  step,  the  size  of  the 
source  fragment  increases  to  at  most  0{n  -\-  k),  and  a  partition  step  happens  at  most 
once  on  a  path  in  the  recursion  tree  from  topmost  instance  to  leaf  instance. 

The  total  work  required  for  partitioning  is  0{{n  +  k)  log(n  +  k)).  Hence  the  total 
work  to  solve  a  single  top-level  two-fragment  instance  is  0{{n  +  k)  \og{n  -f  k)).        □ 

4.2.5      Computing  V* 

V  is  computed  by  the  procedure  sweep  (Figure  4.8),  which  is  a  "reverse  geodesic 
sweeping  algorithm";  it  progresses  from  dU  towards  c,  the  center  of  C. 

Theorem  4.2.7  Procedure  svfeep  computes  V".  It  can  be  implemented  to  run  in  time 
0{{n  +  k)  log(n  -t-  k))  and  space  0{n  +  k). 

Proof:  For  positive  real  z,  let  Dc{z)  be  the  geodesic  disc  of  radius  z  centered  at  c, 
i.e.,  the  set  of  all  points  of  U  at  geodesic  distance  at  most  z  from  c.   We  claim  that 
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Input:  Triangulated  polygon  U,  refined  Voronoi  diagram  V*  =  V^(5)  restricted  to  dU. 
Output:  V. 

Data  structures: 

L:  a  doubly-linked  circular  list  of  refined  Voronoi  edges. 

Q:  a  priority  queue  of  points  of  U,  ordered  by  decreasing  geodesic  distance  from  c. 

Procedure  sweep 

Compute  c,  the  center  of  C. 

Compute  the  shortest  path  partition  of  U  from  c. 

Initialize  L  to  be  dU  f)  V*. 

Initialize  Q  to  contain  all  pairwise  intersections  of  refined  Voronoi  edges  immediately 

adjacent  in  L  and  all  anchors  of  the  refined  partition  edges  appearing  in  L. 

WHILE  <5  7^  0 

Extract  from  Q  the  point  v  of  maximum  geodesic  distance  from  c. 

Delete  from  L  all  refined  Voronoi  edges  with  head  v. 

Delete  from  Q  any  intersections  or  anchors  involving  the  edges  just  deleted. 

IF  V  is  not  an  anchor  THEN 

Insert  into  L  the  refined  bisector  edge  e  with  tail  v. 

Insert  into  Q  any  new  intersections  of  e  with  adjacent  refined  Voronoi  edges. 

END  IF 
END  WHILE 

END  sweep 

Figure  4.8:  Procedure  sweep. 


101 

the  WHILE  loop  maintains  the  invariant  that  L  contains  exactly  the  refined  Voronoi 
edges  intersected  by  dDc{r),  in  order  around  dDc{r)  where  r  is  the  distance  from  c 
to  the  most  recently  processed  vertex  of  V.  This  follows  from  Lemma  4.1.15,  using 
standard  sweepline  arguments  [B079].  Hence  procedure  sweep  computes  V*. 

List  L  can  be  implemented  simply  as  a  circular  doubly-linked  hst,  so  each  list 
operation  takes  constant  time.  Q  can  be  implemented  as  a  heap,  so  that  each  opera- 
tion takes  time  0(log(n  +  k)).  The  geodesic  center  c  of  C  can  be  computed  in  time 
0{(n-\-k)  \og{n  +  k))  as  follows.  Pollack,  Sharir,  and  Rote  [PSR]  show  how  to  compute 
the  center  of  (the  set  of  vertices  of)  a  simple  polygon;  their  algorithm  extends  easily 
to  a  polygonal  relatively  convex  set  as  well.  Since  geodesies  restricted  to  be  inside  a 
relatively  convex  set  (with  respect  to  U)  are  identical  to  geodesies  inside  f/,  it  suffices 
to  compute  the  center  of  C  =  R{S). 

The  shortest  path  partition  of  U  from  c  can  be  computed  in  time  0{n)  since  U 
is  triangulated  [GHL*87].  Given  the  shortest  path  partition  from  c,  the  geodesic 
distance  from  a  point  x  ^  U  io  c  can  be  computed  in  time  O(logn),  using  a  planar 
subdivision  search  algorithm  (such  as  that  of  [ST86])  to  locate  the  shortest  path 
partition  cell  containing  x.  By  Theorem  4.2.6,  dU  n  V*  can  be  computed  in  time 
0{{n-\-k)  log(n-|-A;)).  Hence  L  and  Q  can  be  initialized  in  total  time  0[{n-\-k)  log(n-|- 
k)). 

Each  iteration  of  the  WHILE  loop  uses  a  constant  number  of  operations  on  Q 
and  L  and  one  geodesic-distance  computation  for  each  item  inserted  in  Q\  hence 
each  iteration  takes  time  0(log(n  +  k)).  By  Lemma  4.1.13,  there  are  only  0{n  +  k) 
iterations  of  the  WHILE  loop.  Thus  the  running  time  of  the  entire  algorithm  is  0{{n-\- 
A:)log(n  +  k)).  Clearly  the  space  usage  is  0{n  -\-  k).  □ 

4.3      Open  Problems 

It  remains  an  open  problem  to  determine  whether  the  closest-site  geodesic  Voronoi 
diagram  of  a  general  set  of  k  point  sites  in  an  n-gon  can  be  computed  in  time  0{{n  + 
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A:)log(n  +  k))  or,  for  that  matter,  any  faster  than  ri((n  +  A;)log(n  +  k)\ogn).  Let 
us  observe  that  the  Euclidean  closest-pair  problem  is  linear-time  reducible  to  the 
closest-site  geodesic  Voronoi  diagram  problem  as  follows:  Given  a  set  5  of  A;  points, 
construct  in  linear  time  a  rectangular  box  B  large  enough  to  enclose  the  convex 
hull  of  5.  At  this  point,  computing  the  closest-site  diagram  Vb{S)  produces  the 
(conventional  closest-site)  Voronoi  diagram  of  S  truncated  to  B.  However,  it  has 
been  shown  (see,  for  example,  [PS85])  that  the  shortest  Euclidean  distance  between 
two  points  of  5  is  realized  by  a  pair  of  points  whose  Voronoi  cells  are  adjacent  and 
the  segment  connecting  which  intersects  the  edge  common  to  the  two  cells-hence  the 
intersection  point  must  lie  in  the  convex  hull  of  5  and  thus  in  B.  In  particular,  we  can 
locate  the  closest  pair  in  linear  time  given  the  truncated  closest-site  Voronoi  diagram, 
which  shows  an  Q,{k\og  k)  lower  bound  for  computing  the  geodesic  closest-site  Voronoi 
diagram.  Recalling  the  0(n  +  k)  bound  on  the  complexity  of  the  diagram,  we  obtain 
the  best  currently  known  lower  bound  of  n{n  -j-  klogk).  In  particular,  this  implies 
that  the  extension  scheme,  as  presented  in  Section  3.3.1,  cannot  be  implemented  in 
0{n  +  k)  time  (assuming  that  the  rest  of  the  algorithm  is  not  modified),  as  this  would 
yield  an  0{{n  +  k)  log  n)  algorithm  for  constructing  the  geodesic  closest-point  Voronoi 
diagram,  which  is  faster  than  the  above  lower  bound  when  k  ^  n. 

A  similar  argument,  employing  the  ^{klogk)  lower  bound  for  computing  the 
diameter  of  a  set  of  k  points  in  the  plane  (see,  for  example,  [PS85]),  yields  an  n(n  + 
k  log  k)  lower  bound  for  computing  the  furthest-site  geodesic  Voronoi  diagram. 

There  are  a  number  of  other  open  problems  quite  closely  related  to  geodesic 
Voronoi  diagrams.  One  of  them  is  removing  the  general  position  assumptions  and 
defining  a  cell  of  a  set  of  sites  to  contain  all  points  of  U  to  which  all  sites  of  the 
set  are  simultaneously  closest  (see,  for  example,  [ES86]).  The  objective,  once  again, 
would  be  to  estimate  the  complexity  of  this  diagram  and  devise  an  efficient  algorithm 
for  constructing  it.  Another  possible  avenue  for  extending  our  results  is  removing  the 
restriction  that  sites  be  points.  Can  our  approach  be  extended  to  yield  an  efficient 
algorithm  for  computing  the  diagram  of  a  set  of  straight-line  segments  in  a  polygon 
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under  a  suitable  metric,  e.g.,  using  an  appropriate  modification  of  Yap's  technique 
[Yap87]?  Observe  that  some  of  the  properties  we  have  discussed  do  not  depend  on 
the  fact  that  sites  are  points — for  example,  Lemma  3.3.14  holds  for  any  clciss  of  sites. 

It  might  also  be  interesting  to  consider  which  properties  of  the  geodesic  distance 
(such  as  those  discussed  in  Chapter  2  and  Sections  3.1  and  3.2)  survive  if  we  allow 
the  sides  of  U  to  be  curvilinear. 

A  somewhat  unrelated  question  that  can  be  raised  in  conjunction  with  a  geodesic 
closest-site  Voronoi  diagram  is  whether  the  sweeping  approach  of  Fortune  [For87] 
can  be  generalized  for  constructing  such  diagrams.  A  significant  obstacle  to  such  a 
generalization  is  the  absence  of  an  obvious  natural  equivalent  of  a  straight  sweep-line. 
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Part  II 


Entering  the  Third  Dimension 
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Chapter  5 

Triangles  in  Space, 

or 

Building  (and  Analyzing)  Castles 

in  the  Air 

5.1      Introduction 

» 
5.1.1      Terminology 

Consider  a  collection  G  of  n  (possibly  intersecting)  closed  flat  triangular  (or,  more 
generally,  arbitrary  convex)  objects  Ai,...,  A„  in  three-dimensional  Euclidean  space 
R^  (see  Figure  5.1).  Let  A  =  A{G)  denote  the  arrangement  of  these  triangles,  i.e.. 
the  subdivision  of  R^  induced  by  them:  thus  A  is  a  decomposition  of  3-space  into 
pairwise  disjoint  connected  cells  of  0,  1,  2,  or  3  dimensions,  where 

1.  a  3-dimensional  cell  is  a  connected  component  of  R"'  —  U,  A,, 

2.  a  2-dimensional  cell  (a  face)  is  a  connected  component  of  int{A,)  —  \J^^^  A^  for 
some  i  (where  int{A)  denotes  the  relative  interior  of  A), 
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Figure  5.1:  An  arrangement  of  triangles  in  R^. 

3.  a  1 -dimensional  cell  (an  edge)  is  either  a  maximal  connected  portion  of  (the 
relative  interior  of)  an  edge  of  some  triangle  A,,  which  does  not  intersect  any 
other  triangle,  or  a  maximal  connected  portion  of  (the  relative  interior  of)  the 
intersection  segment  A,  fl  A_,  of  two  triangles,  which  does  not  meet  a  third 
triangle,  and 

4.  a  0-dimensional  cell  (a  vertex)  is  a  vertex  of  a  triangle,  an  intersection  of  an  edge 
of  one  triangle  with  another  triangle,  or  an  intersection  point  of  three  distinct 
triangles. 

To  simplify  the  analysis,  we  henceforth  assume  that  our  triangles  are  placed  in 
general  position  in  space,  meaning  that  no  four  share  a  point,  no  three  intersect 
in  more  than  a  point,  no  two  in  more  than  a  segment,  no  two  edges  of  different 
triangles  intersect,  no  triangle  vertex  lies  in  another  triangle,  and  no  triangle  edge 
intersects  another  triangle  in  more  than  a  point.  These  assumptions  guarantee  in 
particular  that  each  of  the  above  types  of  cells  have  the  correct  dimensionality.  Since 
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our  goal  is  to  analyze  the  combinatorial  complexity  of  (certain  portions  of)  A{G), 
this  assumption  involves  no  real  loss  of  generality,  because  any  degenerate  layout  of 
triangles  can  always  be  viewed  as  a  limiting  case  of  layouts  in  general  position,  whose 
combinatorial  complexity  dominates  that  of  the  limit  configuration.  Roughly,  this 
can  be  argued  as  follows:  Each  triangle  in  the  arrangement  can  be  slightly  expanded 
to  eliminate  all  degeneracies  involving  triangle  boundaries.  Moreover,  this  expansion 
can  be  performed  without  changing  the  topology  of  or  reducing  the  number  of  faces 
on  any  of  the  cell  boundaries.  The  remaining  degeneracies  can  be  eliminated  by  a 
slight  perturbation  of  the  planes  containing  the  triangles — such  a  perturbation  never 
destroys  a  face,  though  it  may  create  new  faces.  Thus  we  obtain  an  arrangement  of 
triangles  in  general  position  in  which  no  cell  is  bounded  by  fewer  faces  than  it  was  in 
the  original  arrangement.  Theorem  5. A. 4  of  Appendix  5. A. 2,  to  be  discussed  below, 
essentially  states  that  the  complexity  of  any  set  of  cells  is  dominated  by  the  number 
of  faces  on  their  boundaries,  implying  our  claim. 

We  will  use  the  following  additional  terminology.  A  vertex  of  a  triangle  will 
be  called  a  corner;  an  edge  of  a  triangle  will  be  called  an  exposed  edge,  and  the  1- 
dimensional  cells  of  A{G)  into  which  it  is  decomposed  will  be  called  exposed  segments. 
Finally,  the  unqualified  term  cell  will  be  used  to  denote  a  3-dimensional  cell  of  A{G). 

At  various  points  in  our  analysis  we  will  have  to  consider  planar  arrangements 
of  segments  which  are,  similar  to  the  3-dimensional  case,  partitions  of  a  plane  into 
faces,  edges,  and  vertices  induced  by  a  collection  of  segments  in  that  plane.  As  a 
bounded  face  of  such  an  arrangement  need  not  be  simply  connected,  its  boundary 
will  in  general  consist  of  a  single  outer  component  that  encloses  the  entire  face  and 
zero  or  more  islands  each  enclosing  a  portion  of  the  plane  that  does  not  belong  to  the 
face.  An  unbounded  face  has  a  similar  structure,  except  its  boundary  does  not  have 
an  outer  component. 
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5.1.2      Motivation  and  Main  Results 

Our  goal  is  to  obtain  sharp  upper  and  lower  bounds  on  the  maximum  (worst-ca^e) 
combinatorial  complexity  of  any  single  cell  C  of  A{G),  that  is  the  number  of  vertices, 
edges,  and  faces  of  A{G)  lying  along  the  boundary  of  C.  Consider  first  the  following 
classification.  A  cell  C  of  A{G)  is  interesting  if  its  closure  C  contains  at  least  one 
exposed  segment  (it  follows  easily  from  the  definition  that,  if  C  intersects  an  exposed 
segment,  it  fully  contains  it).  All  other  cells  of  A{G)  are  called  dull.  It  is  easily 
checked  that  a  dull  cell  of  A{G)  is  (the  interior  of)  a  convex  polyhedron  bounded  by 
(some  of)  the  planes  containing  the  triangles;  its  combinatorial  complexity  is  thus 
only  0(72).  Interesting  cells,  on  the  other  hand,  may  have  highly  irregular  shape;  in 
fact,  if  n  is  sufficiently  large,  an  interesting  cell  may  approximate  any  open  connected 
semi-algebraic  set  in  R"',  its  boundary  may  have  arbitrary  genus,  etc.^  Let  ((n)  be 
the  maximum  combinatorial  complexity  of  a  single  (interesting)  cell,  over  all  possible 
arrangements  of  n  triangles  in  general  position.  Simple  examples  show,  that  C(n) 
is  r2(n^)  (see  Figure  5.2).  A  more  sophisticated  example  demonstrates  that  ({n)  is 
Q.{n'^a{n))  [PS87],  where  a{n)  is  the  extremely  slowly  growing  inverse  Ackermann 
function.  In  fact,  the  combinatorial  complexity  of  the  upper  envelope  of  the  triangles 
in  G  (which  is  a  portion  of  the  boundary  of  the  unbounded  cell  of  A{G),  certainly 
an  interesting  cell),  is  always  0{n'^a{n))  [PS87].  Following  the  results  of  [PS87],  as 
well  as  the  work  of  [PSS88]  and  [EGS88b],  mentioned  below,  on  the  two-dimensional 
analog  of  our  problem,  it  is  natural  to  conjecture  that 

((n)  =  0{n^a{n)).  (Conjecture) 

We  have  been  able  to  prove  this  conjecture  only  for  a  few  special  cases,  and  in  general 
it  is  still  an  open  problem.  The  only  previously  known  non-trivial  upper  bound  on 
C(n),  given  in  [PS87],  is  0(n''~«);  it  is  proved  using  a  fairly  intricate  analysis  based 
on  extremal  hyper-graph  theory.  (It  is  easy,  by  the  way,  to  show  that  the  worst-case 


^Note  that,  although  in  the  simple  case  of  triangles  (or  arbitrary  flat  objects)  the  notions  of  dull 
and  interesting  coincide  with  those  of  convex  and  non-convex,  respectively,  this  is  not  necessarily 
the  case  for  niore  general  surface  patches. 


Ill 


Figure  5.2:  A  grid-like  arrangement. 
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combinatoriai  complexity  of  the  full  arrangement  A{G)  is  0(n"').)  Our  results  (stated 
below)  improve  and  generalize  this  bound,  and  we  believe  that  our  techniques  can  be 
extended  to  yield  a  bound  close  to  that  conjectured  above. 

The  main  motivation  (also  discussed  in  [PS87,EGS87])  for  studying  this  problem 
comes  from  motion  planning.  Specifically,  let  B  be  an  arbitrary  polyhedral  object 
bounded  by  K  faces,  edges,  and  vertices  and  free  to  translate  in  three-dimensional 
space  while  avoiding  stationary  polyhedral  obstacles  bounded  by  a  total  of  n  faces, 
edges,  and  vertices.  Using  the  standard  technique  of  expanding  obstacles  in  config- 
uration space,  it  is  easily  seen  ([PS87,EGS87])  that  the  (3-dimensional)  space  FP  oi 
all  free  placements  of  B  can  be  represented  as  a  union  of  certain  (3-dimensional)  cells 
of  A{G),  for  the  collection  G  of  0{Kn)  triangles  obtained  as  the  Minkowski  (vector) 
differences  between  faces,  edges,  and  vertices  of  the  obstacles  and  vertices,  edges,  and 
faces  of  B,  respectively.  Moreover,  given  an  initial  placement  zq  of  B,  it  suffices  to 
calculate  only  the  connected  component  of  FP  containing  zqi  because  no  other  por- 
tion of  FP  can  be  reached  from  zq  by  a  collision-free  motion.  Thus,  analysis  of  the 
combinatorial  complexity  and  efficient  calculation  of  a  single  cell  of  A{G)  are  major 
components  in  the  design  and  analysis  of  efficient  algorithms  for  this  translational 
motion  planning  problem. 

Before  presenting  our  results,  let  us  first  review  the  analogous  (and  relatively 
simpler)  situation  in  two  dimensions,  namely  the  case  of  an  arrangement  A  of  n  line 
segments  in  the  plane.  It  is  known  that  the  worst-case  combinatorial  complexity 
of  a  single  face  of  A  is  Q{na{n))^  which  is  asymptotically  the  same  as  the  worst- 
case  complexity  of  the  upper  envelope  of  n  segments  [PSS88,HS86,WS88].  Also,  the 
worst-case  combinatorial  complexity  of  all  interesting  (i.e.,  non-convex)  faces  of  A  is 
0(n'»/2a(n)2/3log^/^n)  [AEGS]  (see  also  [EGS88b]);  this  bound  is  almost  tight,  as  the 
complexity  in  question  can  be  ^[n^l^)  [EW86].  The  above  upper  bound  is  a  special 
case  of  the  result  of  [AEGS],  who  argue  that  the  complexity  of  any  m  distinct  faces 
in  a  planar  arrangement  of  n  segments  is 

Oim'IWainfl^W^  ^^^^^  +  nlogn). 

m 
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It  was  further  shown  in  [AEGS]  that  the  bound  can  in  fact  be  generalized  to 

0{m''l^j>'"^cc{nfl^  logi/^  n  +  n  log  n), 

where  p  is  the  number  of  pairs  of  intersecting  segments.  (Note  that  it  yields 

0{pa{nfl^  log'/^  n  +  n  log  n) 

when  m  =  0(p),  which  nearly  coincides  with  the  actual  0(p  +  n)  complexity  of  the 
entire  arrangement.)  Furthermore,  if  the  m  faces  are  those  intersected  by  another 
(fixed)  segment,  their  total  complexity  is  only  0{na{n)),  as  has  been  recently  shown 
in  [EGP*88].  These  results  for  two-dimensional  arrangements  are  closely  related  to 
bounds  that  we  obtain  and  are  extensively  used  in  our  analysis.  Moreover,  they 
clearly  point  toward  the  conjecture  made  above. 

As  already  mentioned,  we  have  not  been  able  to  obtain  a  general  near-quadratic 
upper  bound  for  C,{n).  Instead,  we  consider  here  the  problem  of  analyzing  a  larger 
quantity — the  maximum  total  combinatorial  complexity  4>{n)  of  all  interesting  cells 
in  any  arrangement  of  n  triangles  in  3-space.  Our  main  result  is: 

Theorem  5.2.5(c):  4>{n)  =  0{n'^^^a{n)'^^^  log*^^  n);  this  is  almost  tight 
since  (t>{n)  =  n(n^/^). 

We  thus  obtain  a  significant  improvement  over  the  bound  of  [PS87],  both  because  our 
bound  is  sharper  and  because  it  applies  to  the  total  complexity  of  all  interesting  cells, 
rather  than  that  of  a  single  one.  In  fact,  we  obtain  a  somewhat  more  general  bound 
that  depends  on  the  number  p  of  pairs  and  the  number  t  of  triples  of  intersecting 
triangles  in  G.  Specifically,  in  Theorem  5.2.5(a)  we  show  that,  if  t  >  ^^"^  /  and 
p  >  n,  the  totaJ  complexity  of  the  interesting  cells  in  an  arrangement  of  n  triangles  is 

Oip^h^^'aipf^log^^'p),' 

(which  reduces  to  the  previous  bound  by  putting  p  =  0{n'^)  and  t  =  0{n^)).  More- 
over, our  analysis  can  be  extended  to  obtain  similar  bounds  on  </>(n)  for  arrangements 
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of  arbitrary  convex  flat  objects  (called  convex  plates  in  [PS87]),  with  the  possible 
addition  of  a  linear  correction  term  to  accommodate  the  complexity  of  the  "exposed" 
boundary  of  these  plates. 

The  results  outlined  above  generalize  the  0(n^/'' log  n)  upper  bound  of  [EGS88a] 
on  the  complexity  of  0{n^)  cells  in  an  arrangement  of  n  planes.  In  fact,  our  Theo- 
rem 5.2.3  (with  t  =  0{n^),  p  =  0{n'^))  yields  a  generalization  of  the  bound 

0(m^/^nlogn  +  n^), 

given  in  [EGSSSa]  for  the  complexity  of  any  m  cells  in  a  plane  arrangement,  to 
arrangements  of  triangles.  However,  our  result  is  valid  only  if  all  non-convex  cells  are 
included  in  the  collection  of  desired  cells,  so  in  our  case  m  has  to  be  "large",  i.e.  at 
least  3n  +  2p  (see  below  for  details  and  explanation  of  this  term). 

We  also  consider  the  ta.sk  of  actual  calculation  of  a  single  cell  of  A{G)  and  present  a 
randomized  algorithm,  whose  expected  running  time  is  0{({n)n^)  for  any  S  >  0  (with 
the  constant  of  proportionality  depending  on  6).  Moreover,  we  demonstrate  that  the 
same  algorithm  is  faster  when  applied  to  some  special  classes  of  arrangements.  We  also 
describe  an  alternative  algorithm  that  computes  all  interesting  cells  in  an  arrangement 
of  n  triangles  in  expected  time  0(n®/"^a(n)^/^log''^'^n)  and  0{n^^^a{n)  log  n)  space, 
and  present  a  modification  of  this  algorithm  that  computes  any  subset  of  cells  in  the 
arrangement.  For  details,  refer  to  Section  5.5.2. 

There  are  two  special  cases  where  both  complexity  bounds  and  algorithmic  per- 
formance can  be  significantly  improved.  One  case  involves  triangles  lying  in  planes 
having  only  a  small  number  /  of  orientations  (e.g.,  when  each  triangle  is  parallel  to 
one  of  the  three  coordinate  planes).  In  this  case  we  show  that  the  maximum  com- 
plexity of  a  single  cell  as  well  as  that  of  all  interesting  cells  is  Q{n'^)  for  a  fixed  /. 
More  precisely,  the  latter  complexity  is  Q{fn'^)  for  /  =  0{n^^^)  and  the  former  is 
f2(n^a(/)).  We  also  provide  an  efficient  0{{M  +  n^)/log  n)-time  deterministic  algo- 
rithm for  the  calculation  of  any  subset  of  cells  in  such  an  arrangement,  given  a  point 
in  each  cell,  where  M  is  the  total  complexity  of  the  cell(s)  being  computed. 
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The  second  restricted  class  of  arrangements  contains  only  two  types  of  objects:  ( 1 ) 
arbitrary  horizontal  convex  plates  (parallel  to  the  ly-plane)  and  (2)  vertical  rectangles 
(whose  planes  are  pareillel  to  the  z  axis  and  whose  top  and  bottom  sides  are  parallel 
to  the  ly-plane).  In  this  case  we  show  that  the  maximum  complexity  of  a  single  cell 
is  Q{n^OL{n)). 

In  addition,  we  argue  that  our  unmodified  general  algorithm  computes  any  single 
cell  of  an  arrangement  of  n  triangles,  either  with  only  a  constant  number  of  orienta- 
tions or  in  the  second  special  case  above,  in  expected  time  ©(n^"*"*)  (for  any  (5  >  0). 

The  technique  used  to  show  the  0[n'^^Q.[n)'^l^\o^'^ n)  upper  bound  on  0(n)  is 
relatively  simple.  The  proof  is  based  on  the  results  concerning  the  combinatorial 
complexity  of  many  faces  in  an  arrangement  of  segments  in  the  plane,  summarized 
above.  In  addition,  we  adapt  and  extend  some  of  the  technical  tools  developed  in 
[EGS88b,EGS88a]  for  studying  related  problems.  More  specifically,  supposing  that 
bounds  on  the  complexity  of  all  interesting  cells  in  two  subarrangements  have  been 
obtained,  we  seek  to  establish  a  sharp  relationship  between  these  complexities  and 
the  complexity  of  all  interesting  cells  in  the  arrangement  formed  by  the  union  (i.e., 
overlay)  of  these  two  subarrangements.  Such  relationships  (called  "combination  lem- 
mas") have  been  derived  and  exploited  in  [EGS88b,AEGS]  for  the  case  of  lines  or 
segments  in  the  plane  and  in  [EGS88a]  for  the  Ceise  of  planes  in  3-space.  We  obtain 
a  similar  relationship  for  arrangements  of  triangles  (see  Lemma  2.1  below),  using  a 
proof  technique  that  is  somewhat  different  from  (and,  we  believe,  simpler  than)  those 
employed  in  [EGS88b,EGS88a]. 

To  analyze  the  time  performance  of  our  main  algorithm  we  prove  an  important 
technical  result  ("the  Slicing  Theorem")  which  may  be  of  independent  interest.  It 
states  roughly  that  any  collection  of  cells  in  an  arrangement  of  triangles  can  be  sub- 
divided into  tetrahedra  without  substantially  increcising  the  total  complexity  of  this 
collection. 

This  Chapter  is  organized  as  follows:  In  Section  5.2  we  obtain  our  main  results  on 
the  combinatorial  complexity  of  all  interesting  cells.   Section  5.3  derives  the  Slicing 
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Theorem.  Section  5.4  discusses  the  special  cases  mentioned  above  and  demonstrates 
the  improved  bounds.  Algorithms  for  computing  single  and  multiple  cells  in  arrange- 
ments of  triangles  are  presented  in  Section  5.5,  and  a  discussion  of  some  applications 
and  open  problems  is  given  in  Section  5.6.  Appendix  A  contains  some  bcisic  facts  con- 
cerning the  topology  of  cells  in  a  three-dimensional  arrangement  of  triangles,  which 
are  needed  for  our  analysis.  Appendix  B  exemplifies  the  usefulness  of  our  techniques 
by  presenting  a  simple  alternative  proof  of  (a  variant  of)  the  2-dimensional  combina- 
tion lemma  for  polygonal  regions  used  in  [EGS88b]. 

5.2      The  Complexity  of  All  Interesting  Cells 

Let  G  =  { Ai,  ...  ,  A„}  be  a  collection  of  triangles  in  3-space  as  in  the  introduction. 
We  determine  the  total  complexity  of  the  interesting  cells  of  A{G)  by  analyzing  a 
more  general  problem: 

Consider  collections  G  of  n  triangles  in  R^  with  at  most  p  intersecting 
pairs  and  at  most  t  intersecting  triples,  and  any  set  P  of  m  >  2p  +  3n 
points,  containing  at  least  one  point  on  each  exposed  segment  of  A{G)] 
we  wish  to  determine  the  maximum  complexity  C{m,  n,  p,  t)  of  all  cells  of 
A{G)  that  contain  at  least  one  of  the  given  points  in  their  interior  or  on 
their  boundary,  where  the  complexity  of  a  cell  containing  multiple  points 
is  to  be  counted  only  once,  and  where  the  maximum  is  taken  over  all  such 
collections  G  and  sets  of  points  P.  (Our  points  will  be  chosen  so  that  each 
point  lies  in  the  closure  of  a  unique  cell.) 

Note  first  that  the  number  of  exposed  segments  in  A{G)  is  2p  +  3n  <  2(2)  +  3n  = 
0{n'^).  Indeed,  each  endpoint  of  an  exposed  segment  is  either  a  triangle  corner  or  an 
endpoint  of  the  intersection  segment  of  a  pair  of  triangles.  If  P  contains  only  points 
lying  on  exposed  segments,  one  point  on  each  segment,  the  marked  cells  of  A{G)  (i.e., 
the  cells  whose  closures  contain  those  points)  are  precisely  all  the  interesting  cells. 
Hence,  C{2p+3n,n,p,t)  serves  as  an  upper  bound  on  the  complexity  of  all  interesting 
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cells  of /4(G),  and  C(2(2) +3n,n,  ("),  Q)  is  an  upper  bound  on  (/)(n)  (and,  therefore, 
also  on  C("))-  In  the  more  general  problem  formulation,  we  consider  all  interesting 
cells  plus  possibly  some  additional  dull  cells. 

We  employ  the  following  divide-and-conquer  approach  to  analyzing 
C{m,n,p,t).  Partition  G  into  two  subsets  Gi  and  G2  with  |Gi|  =  [n/2j,  IG2I  = 
[n/2] .  Refer  to  the  elements  of  Gi  as  red  triangles,  and  to  those  of  G2  eis  blue.  Ob- 
tain recursively  the  "red"  marked  cells  Ri,  ...  ,Rr  of  A{G-i),  and  the  "blue"  marked 
cells  Bi,  ...  ,Bb  of  AiG^)  (so  that  the  closure  of  each  R^  and  each  Bj  contains  at 
least  one  point  of  P).  For  each  point  p,  €  P,  let  Rr,,  Bb,  be  the  red  and  the  blue 
cells  marked  by  p,,  respectively.  Let  E,  be  the  connected  component  of  i?r,  H  Bb, 
containing  p,,  i.e.,  the  cell  of  A{G)  marked  by  p,;  we  refer  to  the  cells  Ei  as  purple 
cells.  Let  the  total  complexity  of  all  red  cells  be  p  and  that  of  all  blue  cells  be  0.  Our 
goal  is  to  show  that  the  total  complexity  of  the  purple  cells  is  at  most 

P  +  I3  +  0(m^/^i^/^a(p)^/2  log'/^p  +  plogp). 

We  will  refer  to  this  property,  to  be  proved  below,  as  the  Combination  Lemma  for 
an  Arrangement  of  Triangles.  It  generalizes  a  similar  combination  lemma  obtained 
in  [EGS88a]  for  planes  in  R^. 

5.2.1      The  Combination  Lemma 

Before  proceeding  with  the  analysis,  let  us  note  that  the  complexity  of  a  cell  C  is 
simply  the  sum  of  the  number  of  vertices,  edges,  and  faces  of  the  boundary  dC  of  C. 
However,  in  order  to  simplify  the  representation  of  cell  boundaries  for  our  algorithms, 
we  will  count  some  of  these  features  with  multiplicities.  Namely,  imagine  replacing 
each  triangle  A  by  a  "puffy  triangle"  A'  which  is  a  thin  body  bounded  by  two  copies  of 
A,  slightly  curved  outward  from  A  and  seamed  together  at  the  (relative)  boundary  of 
A.  If  the  thickness  of  these  puffy  triangles  is  kept  sufficiently  small,  then  our  general 
position  assumption  on  the  triangles  in  G  guarantees  that  the  resulting  arrangement 
of  the  puffy  triangles  (more  precisely,  the  common  exterior  of  these  thin  bodies) 
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maintains  the  combinatorial  and  topological  structure  of  A(G),  except  that  each  face 
of  A{G)  now  appears  as  two  distinct  faces,  one  on  each  side  of  the  corresponding 
puffy  triangle  and,  similarly,  each  (intersection)  edge  of  A{G)  appears  as  four  distinct 
edges,  each  (triple-intersection)  vertex  of  A{G)  appears  a^  eight  distinct  vertices,  etc. 
In  the  subsequent  analysis,  we  will  follow  this  "puffy  model"  and  take  the  resulting 
multiplicities  of  boundary  features  into  account. 

In  Appendix  A  we  also  show  that  the  number  of  edges  and  vertices  on  the  boundary 
dC  of  a  cell  C  is  bounded  by  a  linear  function  of  the  number  of  faces  of  dC  plus  a 
certain  correction  term  which  accounts  for  the  fact  that  the  vertices,  edges,  and  faces 
along  dC  do  not  necessarily  constitute  a  triangulation  of  that  boundary  and  that  C 
and/or  some  of  its  faces  need  not  be  simply  connected.  It  is  demonstrated  as  well 
that  the  total  sum  of  these  correction  terms,  over  all  cells  in  the  arrangement,  is  only 
0{n  +  p).  Thus  the  complexity  of  all  interesting  cells  can  be  estimated  by  simply 
bounding  the  total  number  of  faces  on  the  boundaries  of  such  cells,  and  adding  an 
0{n  +  p)  "overhead"  term,  which  will  be  absorbed  anyway  in  the  bound  that  we  will 
obtain.  In  the  remainder  of  our  discussion  we  will  use  the  term  "complexity  of  a  cell" 
to  refer  exclusively  to  the  number  of  its  faces. 

Let  us  now  return  to  the  partitioning  of  G  into  red  and  blue  subcollections  Gi, 
G2,  as  above.  Consider  a  resulting  purple  cell  E\  it  is  a  connected  component  of  the 
intersection  of  a  red  cell  R  and  a  blue  cell  B.  Each  face  of  £  is  a  portion  of  a  (red)  face 
of  i?  or  of  a  (blue)  face  of  B.  We  will  separately  bound  the  number  of  blue  faces  and 
the  number  of  red  faces  of  E  (and  sum  these  bounds  over  all  purple  cells).  Consider 
red  faces  first.  Notice  that  the  same  face  of  R  can  yield  a  number  of  purple  faces  that 
may  appear  in  £  as  well  as  in  other  purple  cells.  However,  creation  of  one  purple  face 
out  of  each  red  face  is  already  accounted  for  by  the  overall  "red"  complexity  p,  so 
let  us  concentrate  on  the  number  of  "extra"  faces  cut  out  of  red  faces — these  appear 
either  because  a  portion  of  the  boundary  of  some  blue  cell  B  may  split  a  red  face  / 
into  a  number  of  disconnected  pieces,  or  because  there  may  be  two  points  of  P  in 
(the  closure  of)  R  belonging  to  different  purple  cells  and  each  of  these  cells  may  have 
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a  portion  of  /  on  its  boundary.  The  former  situation  occurs  only  if  at  least  one  of  B, 
f  is  non-convex. 

We  start  with  the  red  cells  (i.e.,  those  marked  by  P)  in  A(Gi),  and  proceed  to 
construct  the  final  purple  cells  incrementally.  Each  step  of  this  procedure  involves 
adding  a  blue  triangle  A  =  A,  to  the  subarrangement  A,-i  of  all  the  red  and  the  first 
t  —  I  blue  triangles,  to  obtain  the  next  subarrangement  Ai  (thus  Aq  =  A(Gi)  and 
^If/si  =  M^))-  A  "currently  purple"  cell  E'""^'  (i.e.,  a  cell  of  A,_i  marked  by  P) 
may  be  modified  by  the  addition  of  A  in  one  of  several  ways — it  may  be  trimmed  but 
remain  a  single  cell  with  the  same  topological  structure,  it  may  remain  a  single  cell 
but  be  cut  by  A  in  a  way  which  changes  the  topology  of  its  boundary,  it  may  be  split 
into  two  or  more  subcells,  each  marked  by  a  point  of  P,  or  its  boundary  may  acquire 
a  new  connected  component  (if  A  is  entirely  contained  in  £''~^').  (We  need  not  be 
concerned  with  the  last  case  though,  as  in  such  a  situation  the  introduction  of  A  has 
no  influence  on  the  number  of  red  faces  in  purple  cells.)  We  wish  to  estimate  the 
number  of  additional  red  faces  created  on  the  boundary  of  currently  purple  cells  (in 
the  arrangement  A,)  by  the  introduction  of  A.  Summing  the  resulting  bounds  over 
all  Ai,  and  repeating  the  argument  for  blue  faces  (starting  with  the  blue  arrangement 
axid  adding  to  it  red  triangles  one  at  a  time),  we  will  obtain  an  upper  bound  for  the 
purple  complexity  in  terms  of  the  red  and  blue  complexities. 

Consider  the  intersection  of  A  with  the  current  purple  arrangement  A,-i.  It 
appears  cis  an  arrangement  Q  =  Q(A)  of  segments  in  the  plane  of  A  (all  clipped  to 
within  A),  each  face  of  which  corresponds  to  a  face  of  some  cell  (actually  to  a  pair  of 
faces — one  on  each  side  of  A)  in  the  updated  arrangement  A,.  For  convenience,  the 
relative  boundary  dA  of  A  is  also  added  to  Q.  Let  p,  be  the  number  of  segments  (other 
than  the  three  edges  of  A)  participating  in  Q  (in  other  words,  the  number  of  triangles 
Aj  intersecting  A  for  j  <  i).  Let  t,  be  the  number  of  intersecting  pairs  of  segments 
of  Q  (again,  we  do  not  include  intersections  involving  5A).  As  discussed  in  the 
introduction,  a  bounded  face  of  Q  need  not  be  simply  connected;  its  boundary  consists 
of  one  exterior  connected  component  and  of  zero  or  more  interior  components — so 
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Figure  5.3:  The  arrangement  Q{A)  with  three  "purple"  faces. 


called  islands. 

We  will  refer  to  a  face  of  Q  incident  to  dA  as  a  "boundary  face."  If  we  ercise 
the  three  edges  of  A,  the  boundary  faces  fuse  into  the  single  unbounded  cell  of  the 
arrangement  formed  solely  by  the  intersections  of  triangles  Aj  (with  j  <  i)  with  A, 
so  that  their  total  complexity,  by  [PSS88],  is  at  most  0{pia{pi)).  (See  Figure  5.3.) 

Observe  that  a  "boundary  face"  /  (such  as  face  /j  in  Figure  2.1)  cannot  split  a 
currently  purple  cell  E  of  Ai-i  into  two  subcells,  as  /  does  not  completely  cut  through 
E.  Nevertheless,  it  can  produce  additional  red  faces.  In  fact,  every  segment  e  on  the 
boundary  of  /  that  does  not  touch  dA  represents  a  cut  of  some  purple  face  /'  of  A,_i 
(note  that  /'  need  not  be  a  red  face,  but  only  an  earlier  added  blue  face;  also,  /'  need 
not  be  cut  in  two  by  e,  but  just  have  e  reduce  the  number  of  its  islands).  In  other 
words,  the  total  number  of  additional  red  faces  produced  by  all  boundary  faces  on  A 
is  no  larger  than  the  total  complexity  of  all  those  boundary  faces,  i.e.  0{p,a{pi)). 

Let  us  now  consider  an  internal  face  /  of  Q{A)  (such  as  faces  /2,  /s  in  Figure  5.3). 
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Recall  that  we  restrict  our  attention  to  faces  /  which  are  contained  in  a  currently 
purple  cell.  Since  /  is  internal,  it  must  either  cut  such  a  cell  E  into  two  subcells  Ei, 
E2  or  change  the  topology  of  the  boundary  of  E  without  splitting  E.  In  the  former 
case,  if  one  of  the  two  resulting  subcells  (say  Ei)  does  not  contain  points  of  P,  no 
additional  red  faces  are  produced  because,  by  our  choice  of  P,  Ei  must  be  dull,  i.e. 
convex  (for  otherwise  its  closure  would  have  to  contain  an  exposed  segment,  and  thus 
aJso  a  point  of  P).  In  particular,  /  itself  is  convex  and  thus  cuts  each  face  of  E  at 
most  once.  Hence  each  face  of  E  yields  at  most  one  face  o{  E-2,  as  asserted.  If,  on  the 
other  hand,  both  Ei  and  E2  contain  points  of  P,  the  number  of  new  red  faces  created 
is  at  most  proportional  to  the  complexity  of  /  (by  an  argument  analogous  to  the  case 
of  a  boundary  face).  Let  the  number  of  such  internal  "splitting"  faces  of  Q{Ai)  be  Si. 
Finally,  there  is  the  case  when  introduction  of  an  internal  face  /  does  not  cut  E  into 
two  subcells,  but  only  changes  the  topology  of  its  boundary.  Again  the  number  of 
additional  red  faces  being  created  is  at  most  the  number  of  edges  of  /.  Let  the  number 
of  such  "cutting-but-not-splitting"  faces  of  Q(A,)  be  c^.  Hence  the  total  number  of 
additional  red  faces  created  by  A,  is  0{p,a{p,))  plus  the  complexity  of  Si  +  c,  faces  in 
a  planar  arrangement  of  p,  segments  of  which  t,  pairs  actually  intersect.  The  latter 
complexity,  by  [AEGS],  is 

0((5.  +  c,)'/'iy'a(P.)'^'W^3p.+P.logp.).  (5.1) 

Before  proceeding  with  the  analysis,  let  us  observe  that  ^|2i  Pi  ^  P  since  in  the 
incremental  construction  the  segment  A,  n  Aj,  if  non-empty,  appears  at  most  once, 
namely  in  <5(Aniax{.,j})-  Similarly,  Y^lZ{  t,  <  t.  Summing  (5.1)  and  the  contributions 
of  the  boundary  faces  over  all  blue  triangles  A,  we  obtain 

O  I   E   [(3.  +  c)^/^<yMp.)^/Mog>/^p.+p.logp.] 

/rn/2l  \ 

O      E(5.  +  c)^/\'/'a(p)2/Mog^/3p     +0(plogp). 
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which,  by  Holder's  inequality,  is 


O 


"/2l                        1 

2/3 

rh/21  "1 

\^  (5.  +  c.) 

X 

Y.U 

1=1 

.  '=1 

1/3 


a{pf'^\og^'^p\  +0(p  log  p)  = 


O 


\L 


T"/2l 


h/21 


E    5.  +    X]    <^' 


1=1 


1=1 


2/3 


<^/Mp)'^'log'^^P     +0(p  log  p). 


Since  P  contains  m  points,  it  is  impossible  to  make  more  than  m  —  \  cuts,  each 
of  which  splits  a  cell  containing  more  than  one  point  of  P  into  two  subcells  each 
containing  at  least  one  point  of  P.  Hence  "^^s^  <  m  ~  I.  As  to  ^,  c,,  we  prove  in 
Appendix  A  the  following 

Proposition  5. A. 2:  In  an  incremental  construction  of  an  arrangement 
of  triangles  with  p  intersecting  pairs,  as  above,  the  total  number  of  faces 
that  cut  cells  without  splitting  them  is  at  most  0[p). 

Recall  that  by  assumption  m  >  2p  +  3n,  so  X],  5,  +  IZi  c,  <  m  +  0{p)  =  0{m). 
Putting  everything  together,  and  repeating  the  argument  for  the  blue  faces,  we 
see  that  the  total  increase  in  the  number  of  faces  of  the  purple  cells  is  at  most 
0[m'^lH^l^a[pYl^\og^'^ p  -\-  plogp).  We  have  thus  shown: 

Lemma  5.2.1  (Combination  Lemma  for  Arrangements  of  Triangles)  Let  G 

he  a  set  of  n  triangles  in  H^,  let  p  and  t  be  the  number  of  pairs  and  of  triples  of 
triangles  of  G  which  intersect,  and  let  P  be  a  set  of  m  points,  with  at  least  one  point 
of  P  lying  on  each  exposed  segment  of  the  arrangement  A{G).  Partition  G  into  two 
sets  G\,  G2,  and  denote  by  p  (respectively,  0)  the  complexity  (i.e.,  the  number  of  faces) 
of  all  cells  of  A{G-i)  (respectively,  A{G2))  marked  by  P.  Then  the  total  complexity  of 
the  cells  of  A{G)  marked  by  P  is  at  most 


p  +  ^  +  0(m2/^i^/3a(p)2/^  log'/'  p  +  plog  p). 
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The  recurrence  relation  for  C{m,n,p,  t)  that  we  want  to  develop  next  also  depends 
on  the  following  graph-theoretic  lemma.  For  a  hypergraph  H,  let  e{H)  be  the  number 
of  edges  in  H. 

Lemma  5.2.2  Given  an  arbitrary  3-uniform  hypergraph  H  on  n  vertices,  let  {A,B} 
be  a  partition  of  its  vertices  with  \A\  =  [n/2\  and  \B\  =  [n/2] .  Let  Hi  (resp.  H2)  be 
the  sub-hypergraph  of  H  spanned  by  A  (resp.  B).   Then  for  some  choice  of  A  and  B 

t{Hi)  +  e{H,)<^-e{H). 

Proof:  For  simplicity,  assume  for  the  remainder  of  the  proof  that  n  is  even.  Let  A  be 
a  randomly  selected  set  of  n/2  vertices  of  H  (such  that  all  sets  of  size  n/2  are  chosen 
with  equal  probability).  Let  B  be  the  set  of  remaining  vertices.  For  an  edge  e  in  //, 

Pr[e  in  H,]  =  Pr[e  in  H^]  =  ^^f  <  S" 

U/2J 

In  particular,  the  expected  number  of  edges  in  Hi  and  H^  together  is 

exp[e(i/i)  +  e{H^)]  =  e{H)  x  (Pr[e  in  H2]  +  Pr[e  in  H2])  <  ^e(//), 

implying  the  existence  of  a  choice  of  A  and  B  with  e{Hi)  +  e{H2)  <  \e{H),  as  cisserted. 
D 

Using  the  above  result  in  conjunction  with  the  Combination  Lemma,  we  deduce: 

Theorem  5.2.3  If  G  is  a  set  of  n  triangles  in  R^  with  p  intersecting  pairs  and  t 
intersecting  triples  and  P  is  a  set  of  m  points,  with  at  least  one  point  of  P  lying  on 
each  exposed  segment  of  the  arrangement  A  =  A{G),  the  total  complexity  of  all  cells 
of  A  marked  by  P  is 

C{m,n,  p,t)  =  0{m'^'h'^l^a{pf'^  \og^'^  p  log  n  +  n  +  p  log  p  log  n). 


C{m,n,p,t)  <  < 
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Proof:   Observe  that  the  totaJ  complexity  of  an  arbitrary  arrangement  of  triangles 

is  proportional  to  the  number  of  its  vertices,  which  is  easily  seen  to  be  0{n  +  p  -\-t). 

Thus  C{m,n,p,t)  must  satisfy  the  following  recurrence  relation: 

a{n  +  p  +  t),  if  m  >  n  +  p  +  i, 

C(m,n/2,pi,ii)  +  C(m,n/2,p2,f2)  + 

6(m2/3<i/3Q(p)2/3  jQgi/3  p  +  p  log  p),    otherwise, 

where  a  and  b  are  constants,  and  pi,  <i,  P2,  ^2  are  the  numbers  of  pairs  and  triples 
of  intersecting  triangles  within  each  of  the  two  subcollections  Gi,  G2,  respectively. 
Lemma  2.2  applied  to  the  triple-intersection  hypergraph  of  the  triangles  (i.e.,  the  hy- 
pergraph  whose  nodes  are  triangles  and  which  contains  an  edge  {A,,  Aj,  A*;}  whenever 
A,  n  Aj  n  Ajt  7^  0  for  distinct  i,  j,  k)  implies  that  there  is  a  partitioning  of  G  into 
two  subsets  Gi  and  G2  each  of  size  roughly  n/2  such  that  t\  + 12  <  \t.  Also  trivially 
Pi  +  P2  <  P- 

We  claim  that 

C{m,n,p,t)  <d'w?'h^l^\ogna{pfl^log^'^p  +  en  +  fp\ogp\ogn,  (5.2) 

for  some  constants  d,  e,  /,  depending  on  a  and  h.  First,  note  that  \i  m  >  n  -\-  p  -\-  t, 
(5.2)  is  trivially  satisfied  provided  d,e,f>  a.  Let  us  turn  our  attention  to  the  general 
case.  For  the  recurrence  to  be  satisfied,  the  following  inequality  must  hold: 

drv}'^t^'^  log  na{pf'^  log^^^  p-\-  en  +  fp  log  p  log  n  > 

dm''lh\'^\og{nl2)a{p^f'^W^p^  +  en/2  +  fpx  logpi  log(n/2)  + 

(fm'/^i2^^1og(n/2)a(p2)'/Mog'/^P2  +  en/2  +  /p2  logp2  log(n/2)  + 

h{m'^lh^l^a{pfl^  log'/3  p  +  p  log  p). 

The  terms  linear  in  n  cancel  and  pi,p2  <  p,  so  it  is  sufficient  to  ensure  that  the 
following  two  inequalities  hold: 

dt^l^  log  n  >  dt\'^  log(n/2)  +  dt\'^  log(n/2)  +  ht^'^  (5.3) 

and 
/pa(p)  log  n  >  /piQ(pi)log(n/2)  + /p2Q(p2)  log(n/2)  +  6pa(p).  (5.4) 
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First  of  all, 

IP\  log  Pi  log{n/2)  +  /pj  logpz  log(n/2)  +  6plogp 

<  /plogplog(n/2) +  6plogp 

<  /plogplogn  + (6- /)plogp. 

Thus  (5.4)  holds,  provided  that  f  >  b.  Turning  to  (5.3),  an  application  of  Holder's 
inequality  yields 

In  particular, 

dtl""  log(n/2)  +  dty^  log(n/2)  +  bt"^    <    dt^'^  log(n/2)  +  bt^'"" 

<    dt'^^  log  n  +  {b-d)t'^\ 

ensuring  that  (5.3)  holds  for  any  d  >  b,  and  thus  completing  the  proof.  □ 

For  developing  a  lower  bound,  it  will  be  convenient  to  have  the  following  graph- 
theoreticcd  result: 

Lemma  5.2.4  Let  H  be  an  undirected  graph  with  E  edges  and  C  S-cycles.  Then 
C  =  0{E^I^). 

Proof:  Immediate  from  the  following  theorem  that  gives  the  maximum  number  Cr 
of  complete  subgraphs  on  r  vertices  contained  in  a  graph  with  E  edges  (in  our  case, 
r  =  3). 

Theorem  (Erdos  [Erd62]): 

Let  £  =  Q  +  9,  0  <  <7  <  5,  then  C,  <  Q  +  [,'_,)■   . 

D 

Having  proved  Theorem  5.2.3,  we  obtain  our  main  results  concerning  all  interesting 
cells  by  substituting  m  =  3n  +  2p  and  then  observing  that  p  =  O(n^)  and  t  =  0{n^): 
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Theorem  5.2,5 

(a)  The  complexity  of  all  interesting  cells  in  an  arrangement  of  n  triangles  with  p 
intersecting  pairs  and  t  intersecting  triples  is 

0{{n  +  pY'^t^'^aipf'^  log^/^plogn  +  n  +  plogplog  n), 

which  reduces  to  0{p^l^t^l^a{pfl^\og^'^ p),  if  t  >  ^jfile  and  p  >  n.  Moreover, 
for  any  t  >  p  >  n  such  that  t  =  0{p^/^)  there  exists  an  arrangement  of  n 
triangles  with  0{p)  intersecting  pairs  and  0{t)  intersecting  triples  so  that  the 
complexity  of  all  interesting  cells  is 

(b)  The  said  complexity  is  also 

0{{n  +  p)'^^^p^^'^a{p)'^^^\og^^^  plogn  +plogplogn  +  n), 

regardless  of  the  value  oft;  this  is  bounded  by  0{p^^^a{p)'^^^\og^'^  p),  provided 
p  >  n. 

(c)  In  the  worst  case,  4>{n)  =  0{n^^^ a{ny^'^  log*'^  n).    This  is  almost  tight,  since 

Proof:  The  upper  bounds  in  (a)  and  (c)  are  immediate  from  the  preceding  analysis, 
while  the  bound  in  (b)  easily  follows  from  that  in  (a)  by  substituting  t  =  0{p^/^), 
which  is  a  consequence  of  Lemma  5.2.4  applied  to  the  intersection  graph  of  the  trian- 
gles (note  that  a  triple  intersection  of  triangles  is  necessarily  a  3-cycle  in  this  graph, 
while  the  converse  is  not  true). 

Turning  to  the  lower  bound  in  (a),  let  us  aissume  t  >  p  >  n  and  put  a  =  [t/p\ 
and  b  =  [p^/t\.  Notice  that  p^  >  t  hy  assumption,  so  both  a  and  b  are  positive 
integers.  To  obtain  the  lower  bound  in  (a),  consider  a  set  of  a  vertical  rectangles 
whose  bottom  edges  lie  in  the  plane  2  =  0,  whose  top  edges  lie  in  the  plane  2  =  6+1, 
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and  such  that  their  xy  projections  yield  a  planar  arrangement  of  a  segments  for  which 
the  complexity  of  all  interesting  (i.e.,  non-convex)  faces  is  9.{a^l^)  [EW86].  Cutting 
these  rectangles  by  b  additional  horizontal  (and  sufficiently  large)  rectangles  lying  in 
the  planes  2  =  i,  for  i  =  1,  . . .  ,  6,  is  easily  seen  to  yield  an  arrangement  of  n  =  a  4-  6 
rectangles  (that  can  be  transformed  into  an  arrjmgement  of  n  triangles  in  general 
position)  in  which  the  total  complexity  of  all  interesting  cells  is 


^{a"'b)  =  nC-^^>.U  =  ^{p^lh^l\ 


Notice  that  the  number  of  pairwise  intersections  in  this  arrangement  is  no  more  than 
a^  -\-  ab=  p-  +  p  =  0{p)  (as  t^  =  0{p^)  by  assumption),  while  the  number  of  triples 
of  intersecting  triangles  is  at  most  a^b  <  t.  This  completes  the  construction  of  an 
arrajigement  of  triangles  with  0{p)  intersecting  pairs  and  at  most  t  intersecting  triples 
in  which  the  complexity  of  all  interesting  cells  is  Q.{p'^^^t^^^).  In  addition,  note  that 
the  interesting  cells  always  have  complexity  f)(n).  Moreover,  the  construction  in 
[PS87]  of  an  arrangement  of  n  triangles  in  which  the  unbounded  cell  has  complexity 
n{n'^a{n))  can  easily  be  modified  to  yield  a  similar  construction  with  the  unbounded 
cell  having  complexity  ri{pa{p)).  Putting  the  three  bounds  together,  we  obtain  the 
lower  bound  in  (a).  The  lower  bound  in  (c)  follows  by  substituting  t  =  0{n^)  and 
p  =  0{n^).  a 

Remark:  The  reader  should  note  the  strong  dependency  of  our  bounds  on  the 
bounds  for  planar  arrangements  of  segments.  Any  future  improvements  in  the  two- 
dimensional  bounds  (such  as  the  recent  results  in  [AEGS])  will  most  likely  carry  over 
to  our  analysis  and  yield  corresponding  improvements  in  our  bounds.  The  exotic- 
looking  expression  a(p)^''^  log^'  p  appearing  in  our  bounds  is  a  direct  "carry-over" 
from  the  analysis  of  [AEGS].  Removal  of  this  expression  from  the  bounds  in  [.AEGS] 
would  also  remove  it  from  our  bounds.  For  a  more  specific  example,  if  the  complexity 
of  m  faces  in  an  arrangement  of  n  segments  intersecting  in  p  points  should  be  shown 
to  be  0{w}l^p^/^  +  na{n)),  then  the  bound  in  Theorem  5.2.5(a)  would  go  down  to 
0{{n  +  pf'H^I^  log  n  +  n  -1-  pa{p)  log  n). 


128 

5.3      The  Slicing  Theorem 

In  this  Section  we  will  prove  an  auxiliary  result  on  triangulating  cells  in  arrangements 
of  triangles.  It  facilitates  a  general  efficient  algorithm  for  computing  a  single  cell  in 
such  an  arrangement  (of.  Section  5.4).  A  similar  technique  is  also  used  to  establish 
better  bounds  and  construct  more  efficient  algorithms  for  some  special  classes  of 
arrangements  discussed  below.  In  addition,  our  result  provides  a  partial  answer  to 
the  following  seemingly  simple  question:  given  an  arbitrary  polyhedral  region  K 
in  R"',  can  it  be  cut  into  a  small  number  of  (pairwise  disjoint)  tetrahedra?  The 
two-dimensional  analog  of  this  problem  has  a  satisfactory  solution — the  number  of 
triangles  needed  to  triangulate  an  arbitrary  planar  polygonal  region  is  proportional 
to  its  complexity.  In  three  dimensions,  the  problem  becomes  much  more  difficult. 
Some  negative  results  are  given  in  [OR87,  Chap.  10];  our  result  shows  roughly  that 
the  required  number  of  tetrahedra  is  not  much  larger  than  the  complexity  of  A',  if  K 
is  a  cell  (or  a  collection  of  cells)  in  an  arrangement  of  triangles.  The  technique  that 
we  use  in  the  proof  of  the  Slicing  Theorem  is  related  to  that  recently  employed  by 
Chazelle  and  Palios  [CP]  in  obtaining  similar  results  for  general  polyhedra. 

Theorem  5.3.1  (Slicing  Theorem)  Let  K  be  a  collection  of  cells  in  an  arrange- 
ment of  n  triangles  in  3-space,  with  a  total  of  h  faces.  Then  K  can  be  decomposed 
('triangulated")  into  0[n^a[n)  +  h)  tetrahedra  having  pairwise  disjoint  interiors. 

Proof:  We  construct  the  triangulation  incrementally,  by  adding  new  vertical  faces  (to 
which  we  refer  as  walls)  emanating  from  exposed  edges  of  the  given  triangles.  These 
vertical  walls  will  collectively  decompose  the  cells  of  K  into  convex  subcells.  Once  this 
is  done,  the  final  triangulation  is  easily  obtained  by  triangulating  the  boundary  of  each 
convex  subcell  C  and  connecting  each  resulting  triangle  to  some  fixed  interior  point 
of  C .  The  number  of  final  tetrahedra  is  clearly  proportional  to  the  total  complexity 
of  all  subcells  into  which  the  walls  partition  K,  which  we  now  proceed  to  estimate. 

First  of  all,  we  cissume  that  all  cells  of  K  are  interesting;  the  above  observations 
imply  that  this  involves  no  real  loss  of  generality.    Let  ei,  ...  ,e3„  be  the  exposed 
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Figure  5.4:  The  arrangement  A{Vi)  in  the  vertical  plane  p,  containing  exposed  edge 
e,.  Solid  segments  represent  intersections  of  p,  with  triangles,  while  three  previously 
erected  sets  of  walls  intersecting  p,  are  dashed.  The  shaded  regions  represent  new 
walls.  Vertical  segments  are  marked  with  their  type. 


edges  of  the  triangles.  For  each  e,  in  turn  we  add  vertical  walls  emanating  from 
it,  as  follows.  Suppose  this  hcis  already  been  done  for  all  Cj,  j  <  i.  Let  p,  be  the 
vertical  plajie  containing  e,,  and  let  V,  be  the  collection  of  segments  in  p,,  each  of 
which  is  either  the  intersection  of  p,  with  some  triangle  or  a  connected  component 
of  the  intersection  of  p,-  with  some  previously  erected  wall.  Then  the  walls  added  at 
the  current  (ith)  stage  are  simply  all  the  horizon  faces  of  e,  (i.e.,  faces  incident  to 
e,)  in  the  planar  cirrangement  A{Vi)  which  are  contained  in  K.  See  Figure  5.4  for  an 
illustration.  (For  convenience  of  exposition,  we  will  need  to  assume  that  no  exposed 
edge  is  vertical  and  that  p,  ^  pj  whenever  i  ^  j;  in  absence  of  collinear  exposed 
edges,  this  can  always  be  enforced  by  an  appropriate  rotation — collinear  edges  can  be 
handled  by  a  slight  modification  of  this  argument.) 

It  is  easy  to  check  inductively  that  the  addition  of  all  these  walls  results  in  a  convex 
decomposition  of  K.  Indeed,  the  walls  added  at  the  ith  stage  remove  all  non-convex 
edges  occurring  on  e,,  and  no  new  non-convexities  are  created. 
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We  next  analyze  the  total  complexity  (i.e.  the  number  of  faces)  of  the  resulting 
decomposition  of  K.  It  is  easily  seen  that  this  complexity  is  /i  +  0{q),  where  q  is 
the  totai  complexity  (i.e.,  total  number  of  edges)  of  all  the  vertical  walls.  A  major 
obstacle  in  estimating  q  is  that  we  have  no  a  priori  linear  bound  on  the  number 
of  segments  in  each  V, — each  triangle  contributes  at  most  one  segment  to  V,,  but  a 
vertical  wall  may  intersect  pi  in  many  segments  and  there  are  many  vertical  walls 
erected  from  each  e^.  We  overcome  this  difficulty  as  follows: 

Fix  an  exposed  edge  e^,  and  let  V^°  be  the  collection  of  the  (at  most  n)  segments 
formed  by  intersecting  p,  with  the  given  triangles.  By  the  result  of  [EGP*88],  the  total 
complexity  of  all  horizon  faces  of  e,  in  A(V^)  is  0{na{n)).  Let  H  be  the  collection 
of  all  horizon  faces  (within  K)  of  ti  in  A{Vi)  (namely  the  vertical  walls  erected  from 
e,).  Clearly,  each  face  in  //  is  a  subface  of  some  horizon  face  in  AiV^).  Note  that,  for 
each  j  <  i,  all  vertical  walls  erected  from  Cj  intersect  p,  in  a  collection  of  segments 
lying  in  the  vertical  line  p,  n  pj  (see  Figure  5.4)  so  that,  in  particular,  at  most  one 
of  them  cuts  e,.  It  follows  that  the  horizon  faces  in  A{V,)  meet  e,  in  at  most  4n  —  1 
edges,  because  the  segments  of  V,  cut  e,  in  at  "most  4n  —  2  points  (there  are  at  most 
3n  —  1  planes  pj  with  j  <  i  and  at  most  n  —  1  triangles  not  containing  e,).  Since 
each  such  edge  bounds  at  most  two  faces,  we  conclude  that  there  are  at  most  8n  —  2 
horizon  faces  in  A{V,).  We  will  subdivide  each  segment  of  Vj  —  V°  into  subsegments, 
cutting  it  at  its  points  of  intersection  with  segments  of  Vf,  and  work  with  the  refined 
vertical  segments  from  now  on.  For  simplicity  assume  that  all  segments  are  finite; 
however,  the  argument  that  follows  can  be  easily  adapted  to  handle  rays  and  full 
lines.  Since  each  vertex  of  a  face  in  H  is  either  a  vertex  of  a  horizon  face  of  e,  in 
A{V°)  (of  which  there  are  only  0{na{n))),  or  an  endpoint  of  some  vertical  segment 
in  V,  —  V^°,  it  therefore  suffices  to  estimate  the  total  number  of  such  segments  which 
bound  horizon  faces  of  e,-  in  j4(Vi).  We  now  add  these  vertical  segments  one  at  a 
time,  thus  gradually  trcinsforming  the  horizon  faces  in  A{V°)  into  those  in  A{Vi). 
Let  Vf  denote  the  current  collection  of  segments  obtained  after  adding  j  of  these 
segments.  Each  segment  5  in  K  —  Vf  bounding  a  final  horizon  face  in  A{V,)  is  of  one 
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of  the  following  types  (note  that,  by  construction,  each  endpoint  of  a  (finite)  vertical 
segment  lies  on  a  segment  of  V^°): 

(1)  s  bounds  the  same  horizon  face  in  A{V/  U  {5})  on  both  of  its  sides, 

(2)  5     lies    on     the    common     boundary     of    two    distinct     horizon     faces    of 
A{V^U{s}),oT 

(3)  s  bounds,  on  one  side,  a  horizon  face  of  A{V,''  U  {s})  and  on  the  other  side  a 
face  of  A{V/  U  {s])  which  is  no  longer  adjacent  to  e,. 

Refer  to  Figure  5.4.  Observe  that,  as  a  new  vertical  segment  is  added  to  V/  to  obtain 
V/  ,  the  type  of  the  remaining  segments  may  change;  in  fact,  it  is  easily  verified 
that  the  only  transitions  possible  are  (1)  -*  (2),  (2)  ->  (3),  and  (1)  ->  (3).  We 
proceed  to  transform  the  horizon  faces  of  A{VP)  into  those  of  A{Vi)  by  first  adding 
all  segments  of  Vj  —  V°  which  at  the  time  of  addition  have  type  (1).  (As  noted,  no 
transition  can  revert  a  segment  to  type  (1).)  Each  such  segment  reduces  the  number 
of  "islands"  (i.e.,  connected  components  of  the  boundary)  of  some  horizon  face  by 
1.  But  the  total  number  of  islands  in  all  horizon  faces  is  at  most  n,  because  each 
segment  of  V°  appears  in  at  most  one  islajid,  and  (on  the  assumption  that  no  vertical 
segment  is  infinite)  each  island  must  contain  a  segment  of  V^.  Thus  the  total  number 
of  type  (1)  segments  added  is  at  most  n.  A  similar  argument  shows  that  the  number 
of  type  (2)  segments,  which  we  add  after  the  type  (1)  segments,  is  also  0{n),  because 
addition  of  each  such  segment  increaises  the  number  of  horizon  faces  by  1,  and  there 
are  only  0{n)  such  faces  in  the  final  i4(V^).  The  remaining  vertical  segments  all  have 
type  (3)  and  will  never  change  their  type  again.  Let  V'  be  the  union  of  V,°  with  all 
type  (1)  and  type  (2)  vertical  segments.  Since  |V^*|  =  0(n),  it  is  still  the  case  that 
the  complexity  of  all  horizon  faces  of  e,  in  A{V')  is  0{na{n)).  Now  add  the  vertical 
segments  of  type  (3).  Each  such  segment  5,  in  its  turn,  chops  off  some  portion  /, 
of  a  horizon  face,  which  becomes  disconnected  from  e^.  Moreover,  since  we  add  only 
segments  that  actually  appear  on  the  boundaries  of  the  final  horizon  faces  in  A{V,) 
and  vertical  segments  are  pairwise  disjoint,  each  portion  f,  is  chopped  off  only  once 


132 


(namely,  these  portions  have  pairwise  disjoint  interiors)  and,  since  f,  is  a  polygonal 
region,  it  must  contain  a  vertex  of  a  horizon  face  in  A{V')  other  than  either  of  the 
endpoints  of  s.  Hence  the  number  of  portions  /,,  and  thus  also  the  number  of  type 
(3)  segments  s,  is  0{na{n)).  Repeating  the  analysis  for  each  e,,  we  conclude  that 
the  total  number  of  faces  in  the  decomposition  of  K  \s  h  +  0{n'^a{n)),  as  asserted. 
As  discussed  above,  a  final  triangulation  of  this  decomposition  completes  the  proof 
of  the  theorem.  D 

Corollary  5.3.2  Let  K  be  a  collection  of  q  cells  in  an  arrangement  of  n  triangles 
in  R"^,  having  a  total  of  h  faces.  Then  K  can  he  decomposed  into  q  +  O(n^)  convex 
polyhedra  with  pairwise  disjoint  interiors,  such  that  their  total  complexity  is  only 
h  +  0{n^a{n)). 

Proof:  It  is  sufficient  to  demonstrate  that  in  the  above  construction  the  number 
of  resulting  subcells  does  not  exceed  q  by  more  than  0(71"^),  since  the  second  claim 
follows  immediately  from  the  proof  of  the  Slicing  Theorem.  Recall  that  a  vertical  wall 
w  erected  at  a  given  step  of  the  construction  is  a  face  in  the  arrangement  induced  in 
its  plane  by  intersections  with  all  triangles  and  all  vertical  walls  erected  in  previous 
steps.  Hence  w  cuts  the  subcell  C  in  which  it  is  contained  into  at  most  two  new 
subcells  (note  that  it  is  possible  for  w  to  change  the  topology  of  the  boundary  of  C 
without  cutting  C  into  two  subcells).  Hence  introduction  of  w  increases  the  number  of 
subcells  by  at  most  1.  However,  there  are  only  0{n)  vertical  walls  erected  from  each 
exposed  edge,  thus  the  total  number  of  convex  polyhedra  obtained  by  the  construction 
does  not  exceed  q  by  more  than  0{n^).  □ 

Corollary  5.3.3  The  collection  K  of  all  interesting  cells  in  an  arrangement  of  n 
triangles  in  3-space  can  he  decomposed  into  0{n^)  convex  polyhedra  with  pairwise 
disjoint  interiors,  such  that  their  total  complexity  is  only  h  +  0{v}a{n)),  where  h  is 
the  complexity  of  K . 

Proof:  Immediate  from  Corollary  5.3.2,  since  there  are  at  most  as  many  interesting 
cells  as  there  are  exposed  segments,  i.e.  0{Tn?).  □ 
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Remarks:  (1)  While  the  Slicing  Theorem  is  intuitively  plausible,  the  proof  is  not 
at  all  trivial.  An  open  problem  is  to  generaiize  the  theorem  to  the  case  of  an  arbitrary 
3-dimensional  semi-algebraic  set  K ,  namely  to  show  that  K  can  be  decomposed  into 
a  collection  of  simple,  connected  cells  (e.g.,  such  a^  in  Collins'  cylindrical  algebraic 
decomposition  [Col75]),  whose  cardinality  is  roughly  the  same  as  the  combinatorial 
complexity  of  dK.  A  partial  affirmative  result  of  this  sort  is  indicated  in  [CEG*88] 
for  the  collection  K  of  all  3-cells  in  an  arrangement  of  spheres;  the  analysis  given 
there  appears  to  be  extendible  to  arbitrary  algebraic  surfaces,  provided,  however, 
that  we  still  consider  all  cells  of  the  arrangement.  A  related  open  problem  is  to 
obtain  generalizations  of  the  Slicing  Theorem  to  arrangements  of  simplices  in  higher 
dimensions. 

(2)  Observe  that  the  key  point  of  the  proof  of  the  Slicing  Theorem  is  the  assertion 
that,  given  a  planar  arrangement  A  of  n  "old"  segments  and  an  unspecified  number 
of  "new"  segments,  the  total  complexity  of  the  faces  of  A  cut  by  a  segment  e  is  still 
0{na{n)),  provided  the  new  segments  (i)  cross  e  at  most  0{n)  times,  (ii)  do  not 
intersect  among  themselves,  and  (iii)  start  and  end  at  points  of  old  segments  or  "at 
infinity".  It  is  easy  to  verify  that  the  proof  given  above  applies  to  this  slightly  more 
general  situation  as  well. 

(3)  Note  that  even  when  the  number  p  of  pairs  of  intersecting  triangles  in  the  ar- 
rangement is  o{n'^),  the  number  of  cells  in  the  resulting  decomposition  of  K  can  still 
be  quadratic  (this  is  the  case,  for  example,  in  the  arrangement  of  n  long  and  thin 
horizontal  rectangles,  n/2  of  which  lie  in  the  plane  z  =  0,  while  the  remaining  n/2  lie 
in  the  plane  2  =  1,  as  shown  in  Figure  3.2;  here  in  fact  p  =  0). 

5.4      Special  Cases 

In  this  Section  we  will  discuss  two  restricted  classes  of  arrangements  of  triangles  for 
which  the  worst-case  complexity  of  a  single  cell  (or  of  all  interesting  cells)  is  easier  to 
bound. 
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Figure  5.5:  A  collection  of  disjoint  rectangles  in  which  our  "slicing"  produces  0{n^) 
polyhedra.  Solid  rectangles  lie  in  the  plane  2  =  1,  dashed  ones  in  z  =  0. 
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5.4.1      Triangles  with  Few  Orientations 

We  first  consider  arrangements  of  n  triangles  in  which  the  planes  containing  the  tri- 
angles have  at  most  /  distinct  orientations.  (Note  that  in  the  following  analysis  / 
need  not  be  constant.)  A  (very  restricted)  example  of  such  an  arrangement  would 
be  when  each  triangle  lies  in  a  plane  parallel  to  one  of  the  /  =  3  coordinate  planes. 
In  what  follows,  we  will  assume  however,  without  loss  of  generality,  that  no  triangle 
lies  in  a  plane  parallel  to  the  z  axis.  Corollary  5.3.3  yields  a  decomposition  of  all 
interesting  cells  in  such  an  arrangement  into  0{n'^)  polyhedra.  Being  convex,  each 
of  these  polyhedra  is  bounded  by  at  most  two  faces  contained  in  planes  having  any 
specific  orientation,  so  it  is  bounded  by  at  most  2/  faces  lying  in  the  original  triangles. 
The  remaining  faces  lie  in  the  vertical  walls  added  in  the  construction  of  the  Slicing 
Theorem;  thus  they  do  not  contribute  to  the  complexity  of  the  (undecomposed)  in- 
teresting cells  (except  by  cutting  other  faces  into  subfaces).  Hence,  the  total  number 
of  non-vertical  faces  in  all  polyhedra  lying  in  interesting  cells  is  0{fn^),  which  is  an 
upper  bound  on  the  total  number  of  faces  in  all  interesting  cells.  This  proves 

Theorem  5.4.1  The  complexity  of  all  interesting  cells  in  an  arrangement  of  n  tri- 
angles lying  in  planes  with  f  distinct  orientations  is  at  most  t){fn^). 

As  for  a  corresponding  lower  bound,  it  is  easy  to  obtain  a  variant  of  the  construc- 
tion of  [EW86]  for  a  lower  bound  on  the  complexity  of  many  faces  in  arrangements 
of  lines  which  involves  /"^  segments  in  the  plane,  having  only  /  distinct  orientations, 
such  that  the  complexity  of  all  interesting  (i.e.,  non-convex)  faces  of  their  arrange- 
ment is  ^{f*).  Assume  /  <  (n/2)^/^.  Placing  [n/2/^J  disjoint  translates  of  such  an 
arrangement  side  by  side  in  the  plane  produces  an  arrangement  of  at  most  n/2  seg- 
ments having  /  distinct  orientations,  in  which  the  complexity  of  all  interesting  faces 
is  n/2/^  X  fi(/'')  =  Q{fn).  Now  consider  a  3-dimensional  arrangement  of  n/2  vertical 
rectangles  whose  lower  edges  lie  in  the  plane  z  =  0,  whose  upper  edges  lie  in  the  plane 
z  =  n/2  -f  1,  and  whose  vertical  projections  induce  the  planar  arrangement  of  n/2 
segments  described  above,  together  with  n/2  large  horizontal  rectangles  lying  in  the 
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planes  2  =  i,  for  i  =  1,  . . .  ,n/2.  It  is  easy  to  see  that  the  total  complexity  of  the 
interesting  cells  in  this  arrangement  of  n  rectangles  is  at  least  n  x  Q,{fn)  =  n(/n^), 
but  only  /  +  1  distinct  plane  orientations  were  used.  Moreover,  the  rectangles  can 
be  easily  replaced  by  triangles  without  reducing  the  combinatorial  complexity  of  the 
interesting  cells.  Thus  we  have  shown 

Theorem  5.4.2  The  worst-case  complexity  of  all  interesting  cells  in  an  arrangement 
of  n  triangles  lying  in  planes  with  f  distinct  orientations  is  at  least  Q,{fn'^)  for  f  = 

A  similar  argument,  based  on  the  construction  of  a  planar  arrangement  of  n 
segments  in  which  the  unbounded  face  has  complexity  Q,{na{n))  [WS88],  gives 

Theorem  5.4.3  The  worst-case  complexity  of  a  single  cell  in  an  arrangement  of  n 
triangles  lying  in  planes  with  f  distinct  orientations  is  at  least  Q{n^a{f)). 

Corollary  5.4.4  In  an  arrangement  of  n  triangles  lying  in  planes  with  a  constant 
number  of  distinct  orientations,  the  worst-case  complexity  of  any  single  cell  (or  of  all 
interesting  cells)  is  0(n^). 

5.4.2     The  Horizontal- Vertical  Case 

The  second  special  case  concerns  arrangements  where  only  two  types  of  convex  plates 
are  allowed:  arbitrary  (convex)  horizontal  polygons  (i.e.,  parallel  to  the  xy-plane) 
and  vertical  rectangles  (i.e.,  rectangles  with  two  sides  parallel  to  the  z  axis).  Let  n  be 
the  total  number  of  plates  (both  horizontal  and  vertical)  in  the  arrangement  and  let 
q  be  the  total  complexity  of  all  horizontal  plates.  The  lower  bound  construction  of 
Theorem  5.2.5  applies  in  this  case,  showing  that  the  total  complexity  of  all  interesting 
cells  in  this  restricted  class  of  arrangements  is  still  Q,{n'^'^).  We  now  use  a  variant 
of  the  decomposition  given  by  the  Slicing  Theorem  to  prove  a  tight  0(n^a(n)  +  q) 
bound  on  the  worst-case  complexity  of  a  single  cell  in  such  an  arrangement.   Recall 


137 

that  the  only  type  of  non-convexity  that  occurs  in  an  interesting  cell  is  along  an 
exposed  segment.  We  distinguish  two  types  of  interesting  cells: 

(1)  those  whose  boundary  contains  only  vertical  exposed  segments  (i.e.,  those  par- 
allel to  the  2  axis)  and 

(2)  those  whose  boundary  contains  horizontal  exposed  segments  (and  possibly  some 
vertical  ones). 

We  will  argue  that  the  complexity  of  a  single  cell  of  type  (1)  is  0{na{n)),  while  the 
total  complexity  of  type  (2)  cells  is  0{n^a{n)  +  q),  concluding  that  the  complexity  of 
any  one  cell  in  such  an  arrangement  is  0{n^a{n)  +  q). 

Consider  a  cell  C  of  type  (1).  Clearly,  it  cannot  be  unbounded.  Moreover,  the 
absence  of  horizontal  exposed  segments  on  dC  implies  that  C  is  in  fact  a  right  vertical 
prism  whose  height  is  a  maximal  vertical  open  segment  extending  from  a  "floor  plate" 
A/  to  a  "ceiling  plate"  A,;  and  whose  bases  are  identical  faces  in  the  planar  arrange- 
ments (5(A/)  and  Q{Ac)  induced  in  A/  and  Ac,  respectively,  by  their  intersections 
with  the  verticcd  rectangles.  (5(A/)  and  Q{/\c)  each  contain  at  most  n  segments,  so 
the  complexity  of  a  single  face  in  either  of  the  two  arrangements  is  0{na{n)).  Since 
C  is  a  prism,  its  complexity  is  proportional  to  the  complexity  of  either  of  its  bases, 
implying  our  first  claim. 

There  are  two  types  of  horizontal  exposed  segments  on  the  boundaries  of  type  (2) 
cells:  portions  of  the  horizontal  edges  of  vertical  rectangles  and  portions  of  edges  of  the 
horizontal  plates.  We  will  restrict  our  attention  to  the  latter;  the  former  are  handled 
similarly.  Let  p  be  the  plane  containing  some  horizontal  plate  A.  Intersections  of 
vertical  rectangles  with  p  induce  a  planar  arrangement  Q  =  Q{A}  in  p  of  at  most 
n  segments.  Refine  the  type  (2)  cells  by  adding  a  wall  filling  each  face  of  Q  thai 
lies  outside  of  A  and  is  incident  to  the  relative  boundary  dA  of  A.  Repeating  the 
same  procedure  for  every  horizontal  plate  (and  every  horizontal  edge  of  a  vertical 
rectangle,  within  the  horizontal  plane  containing  it),  we  obtain  a  decomposition  of  all 
cells  of  type  (2)  into  subcells.   Note  that  all  horizontal  exposed  segments  have  been 
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elimiiiated,  so  each  subcell  is  of  type  (1)  (and  thus  is  a  right  vertical  prism).  We  will 
now  argue  that  the  bases  of  subcells  contained  in  type  (2)  cells  have  total  complexity 
0{n'^a{n)),  so  that  the  total  complexity  of  these  subcells  is  bounded  by  0{n'^a{n)) 
as  well;  this  would  complete  the  proof  of  the  upper  bound  as  the  only  elements  of 
type  (2)  cells  not  accounted  for  in  the  combined  complexity  of  their  subcells  is  that 
of  horizontal  exposed  segments  and  their  incident  faces  and  vertices,  and  there  are 
0{n'^  +q)  exposed  segments  altogether,  with  each  exposed  segment  incident  to  exactly 
two  faces  and  two  vertices. 

Consider  a  subcell  C  of  a  type  (2)  cell.  Let  /  and  c  be  the  floor  and  ceiling 
bases  of  C  contained  in  horizontal  planes  pj  and  pc,  respectively.  By  construction, 
dC  —  /  U  c  must  consist  of  portions  of  the  vertical  rectangles  extending  all  the  way 
from  /  to  c.  In  particular,  any  cross  section  of  C  by  a  horizontal  plane  p  is  a  face  in 
the  planar  arrangement  Q{p)  of  segments  induced  in  p  by  its  intersections  with  the 
vertical  rectangles.  Therefore  /  (respectively,  c)  is  the  union  of  one  or  more  such  faces 
in  an  analogous  arrangement  Q{pf)  in  pj  (respectively,  Q{pc)  in  Pc),  which  is  identical 
to  Q{p)  except  for  the  addition  of  the  edges  of  the  plate  contained  in  p/  (resp.  c). 
Observe  that,  by  construction,  the  closure  of  either  /  or  c  (or  both)  must  contain 
a  horizontal  exposed  segment,  for  otherwise  C  would  coincide  with  an  original  cell 
of  type  (1).  Let  us  suppose  that  it  is  /  that  meets  some  horizontal  exposed  edge. 
Thus  /  coincides  with  the  union  of  some  horizon  faces  of  the  boundary  dAf  of  the 
convex  plate  A/  in  the  arrangement  Q{pf).  Moreover,  it  is  easily  checked  that  each 
such  horizon  face  in  Q{pf)  lies  in  the  base  of  at  most  two  subcells  (in  the  floor  of  one 
cell  and  in  the  ceiling  of  another).  However,  the  results  of  [EGP*88]  are  easily  seen 
to  imply  that  the  horizon  of  any  closed  convex  curve  in  a  planar  arrangement  of  n 
segments  has  complexity  0{na{n));  thus,  the  combined  complexity  of  the  bases  of  all 
subcells  of  type  (2)  cells  is  0{n'^a{n)),  as  asserted. 

The  lower  bound  of  Q,{n^a{n)  +  q)  for  the  complexity  of  a  single  cell  is  easily 
obtained  by  a  slight  modification  of  the  construction  of  Theorem  5.2.5.  Thus  we  have 
shown 
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Theorem  5.4.5  In  an  arrangement  oj  n  horizontal  convex  plates  and  vertical  rect- 
angles, the  worst-case  complexity  of  a  single  cell  is  Q{n^a{n)-\-q),  where  q  is  the  total 
number  of  corners  of  the  horizontal  plates. 

5.5      Algorithms 

Here  we  come  to  the  issue  of  actually  building  castles  in  the  air,  cls  promised  in  the 
title  of  this  Chapter.  Namely,  we  are  interested  in  computing  one  or  more  cells  in  an 
arrangement  A  of  n  triangles  in  R^.  Note  that  it  is  not  difficult  to  compute  the  full 
arrangement  A  in  time  Q{v?)  by  modifying  the  algorithm  of  [EOS86]  for  constructing 
the  arrangement  of  n  planes.  Thus  our  goal  is  to  attain  subcubic  performance  in 
computing  a  single  cell  (or  all  interesting  cells).  The  previous  results  of  [PS87]  are 
non-algorithmic,  and  our  combinatorial  analysis  cannot  be  immediately  translated 
into  an  efficient  algorithm  either.  In  Section  5.5.1  we  describe  a  randomized  algorithm 
for  computing  a  single  cell  in  an  arbitrary  arrangement  of  n  triangles;  its  expected 
time  complexity  is  asymptotically  nearly  optimal.  Moreover,  the  same  algorithm  takes 
only  0(n^''"*)  time,  for  any  (5  >  0  (with  the  constant  of  proportionality  depending  on 
6),  when  applied  to  arrangements  of  vertical  rectangles  and  horizontal  convex  plates 
discussed  in  the  previous  section  (assuming  that  each  horizontal  plate  has  constant 
complexity),  or  to  arrangements  of  n  triangles  lying  in  planes  with  a  constant  number 
of  distinct  orientations.  We  then  comment  on  the  difficulty  of  extending  our  algorithm 
to  compute  many  cells,  and  outline  an  alternative,  less  efficient  but  still  subcubic 
algorithm  for  obtaining  all  interesting  cells,  which  is  bcised  on  the  recent  results  of 
[EGH*88].  Finally,  we  present  a  customized  deterministic  algorithm  for  arrangements 
of  triangles  with  few  distinct  plane  orientations  (as  in  Section  5.4). 

All  of  our  algorithms  use  a  common  data  structure  to  represent  cells  in  three- 
dimensional  arrangements  of  triangles.  A  cell  is  represented  by  the  list  of  its  boundary 
components,  starting  with  the  explicitly  marked  outer  boundary  (unless  the  cell  is 
unbounded)  and  followed  by  zero  or  more  "islands",  all  linked  to  one  another  (the 
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exact  nature  of  this  linkage  will  be  discussed  below).  Each  boundary  component  is 
stored  in  the  form  of  an  "adjacency  structure",  where  each  face  is  given  by  its  outer 
boundary  (unless  the  face  is  unbounded)  plus  zero  or  more  islands,  properly  linked 
to  one  another,  each  of  which  is  in  turn  represented  as  a  circular  list  of  incident 
edges  and  vertices.  Conceptually,  we  store  each  face  twice  (corresponding  to  the 
two  sides  of  the  tricingle),  leading  to  similar  multiplicities  in  the  representation  of 
edges  and  vertices,  as  in  the  puffy  model  discussed  in  Section  5.2.1.  This  ensures 
that  every  boundary  element  is  incident  to  a  unique  cell  (duplicate  elements  are 
still  linked  among  themselves;  in  fact  an  actual  implementation  need  not  store  them 
as  physically  distinct  entities).  Thus  each  (copy  of  an)  edge  is  incident  to  exactly 
two  faces,  a  triple-intersection  vertex  is  incident  to  three  faces  and  three  edges,  etc. 
The  precise  implementation  of  such  a  data  structure  can  be  done  along  the  lines 
suggested  in  [TDS]  or  in  [DL87];  however  we  will  not  be  concerned  here  with  such 
implementation  details. 

5.5.1      Calculating  a  Single  Cell 

Our  algorithm  proceeds  as  follows: 

Input:  A  set  G  of  n  triangles  in  R'^,  a  point  p,  and  an  "efficiency  parameter"  6  >  0. 
Output:  The  cell  of  A{G)  containing  p,  represented  by  the  incidence  structure  dis- 
cussed above. 

(1)  Select  a  random  sample  R  of  r  triangles  (where  r  is  a  constant,  depending  on 
6,  to  be  determined  later). 

(2)  Construct  the  full  arrangement  A{R)  (using  any  convenient,  even  brute-force, 
method). 

(3)  By  exhaustive  search,  identify  the  cell  Cr  of  A{R)  that  contains  p. 

(4)  Subdivide  Cr  into  open  tetrahedra  as  in  the  Slicing  Theorem  (again,  using  brute 
force). 
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(5)  Let  to  be  the  tetrahedron  containing  p.  For  each  triangle  A  G  G  connpute 
the  convex  polygon  An  to,  and  let  Gt„  be  the  collection  of  such  (triangulated) 
non-empty  polygons.  Apply  the  algorithm  recursively  to  {Gt„,p,6)  to  obtain 
a  cell  Co.  If  Co  is  a  bounded  cell  of  A{GtJ,  stop — Co  is  the  desired  cell  of 
A{G)  containing  p.  Otherwise  apply  the  trimming  step  (8)  below  to  Ct„  =  Co 
(denoting  the  resulting  trimmed  subcell  containing  p  by  Co). 

Repeat  steps  (6)-(8)  for  each  of  the  remaining  tetrahedra  t  ^  to  m  the  decomposition 
of  Cfi  and  proceed  to  step  (9). 

(6)  As  for  to,  compute  for  each  triangle  A  G  G  the  convex  polygon  A  n  i,  and  let 
Gt  be  the  collection  of  all  such  non-empty  (triangulated)  polygons. 

(7)  Apply  the  algorithm  recursively  to  (G(,poo,^)  where  poo  is  "the  point  at  infin- 
ity", to  obtain  the  unbounded  cell  C,  of  A{Gt). 

(8)  Trim  Ct  along  the  faces  of  t  and  discard  the  outer  portion  of  the  cell;  this  may 
split  Ct  into  several  subcells  all  lying  within  t  and  incident  to  the  boundary  dt 
oft. 

(9)  Reconstruct  the  cell  C  of  A{G)  containing  p  by  starting  with  Co  and  "growing" 
it  as  follows:  Let  a  window  of  a  (trimmed)  cell  C  of  A{Gt)  be  a  face  of  C  on 
dt  introduced  by  the  trimming  step  (8).  Clearly  each  window  is  shared  by  two 
cells  lying  in  adjacent  tetrahedra.  A  window  is  transparent  ii  it  is  not  contained 
in  a  triangle  of  G.  Starting  with  Co,  locate  all  cells  sharing  transparent  windows 
with  it  and  "glue"  them  to  Co  along  the  windows.  Repeat  until  the  resulting 
cell  C  has  no  unpaired  transparent  windows.  This  is  the  desired  cell. 

Why  does  the  algorithm  work?  Observe  that  the  cell  Co  of  A{G)  containing  p  is 
completely  contained  in  the  cell  Cr  of  A{R)  containing  p,  so  that  the  algorithm  cor- 
rectly restricts  its  computation  to  C/j.  Notice  that  if  p  does  not  lie  in  the  unbounded 
cell  Ct„  of  A{Gt„)  then  Cc  must  coincide  with  Co,  in  which  ccise  no  further  computa- 
tion is  necessary  and  the  algorithm  correctly  returns  Co.  Assume  p  6  C,„  =  Co  which 
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is  unbounded.  If  a  point  x  lies  in  Co  —  Co-,  there  is  a  path  a  in  Cg  connecting  it  to  p.  A 
traversal  of  a  fronn  p  to  x  starts  off  in  Co  and  proceeds  to  visit  trimmed  cells  of  A{Gt) 
(for  various  t),  moving  from  cell  to  cell  through  transparent  windows.  Moreover,  each 
cell  C  crossed  by  a  must  be  a  portion  (within  the  corresponding  tetrahedron  t)  of 
the  unbounded  cell  Ct  of  A{Gt),  because  C  can  be  reached  from  outside  t.  Hence  x 
will  be  in  the  cell  built  by  the  algorithm.  So  the  constructed  cell  is  no  smaller  than 
Cg  and,  trivially,  it  cannot  be  larger  than  Cg  either.  Thus  the  cell  the  algorithm 
computes  is  precisely  Cq- 

We  next  analyze  the  expected  running  time  of  the  algorithm.  Since  r  is  a  con- 
stant, all  steps  of  the  algorithm  besides  recursive  invocations  and  the  trimming  and 
reconstruction  steps  can  be  performed  in  overall  linear  time.  Denoting  by  \C\  the 
complexity  of  a  cell  C,  observe  that  trimming  the  unbounded  cell  Ct  of  A{Gt)^  for 
some  tetrahedron  t,  can  be  performed  in  time  proportional  to  |Ct|,  as  it  is  sufficient  to 
check  each  feature  of  Ct  against  each  face  of  t.  The  time  required  for  the  reconstruc- 
tion step  is  proportional  to  the  total  complexity  of  all  transparent  windows,  because 
this  step  can  be  accomplished  by  simultaneously  tracing  the  common  face  of  each 
pair  of  adjacent  tetrahedra  using  the  incidence  structure  of  the  trimmed  cells.  Deter- 
mining whether  Co  is  the  unbounded  cell  of  A{Gt^)  can  be  accomplished  in  constant 
time,  since  the  representation  we  use  exphcitly  stores  the  outer  component  (if  any) 
of  a  cell  boundary.  Hence  the  total  time  complexity  of  all  steps  of  the  algorithm, 
excluding  recursive  calls,  is  bounded  by  An  -{■  BJ2t  l^'d,  for  some  positive  constants 
A,  B  depending  on  r,  with  the  summation  taken  over  all  tetrahedra  t  contained  in 
Cfi.  Observe  that  a  small  perturbation  of  [Jt  Gt  (that  moves  tetrahedra  away  from 
each  other)  produces  an  arrangement  of  Y.t  \Gt\  triangles  in  which  the  boundary  of 
the  unbounded  cell  is  precisely  [JtOCt-  In  particular,  XI(  \Ct\  <  ((Zlt  \Gt\)-  It  imme- 
diately follows  that  the  time  complexity  of  the  algorithm  exclusive  of  recursive  calls  is 
bounded  above  by  0(n-|-C(Et  \Gt\))-  Now  ^^  \Gt\  is  easily  seen  to  be  bounded  by  Dn, 
for  some  constant  D  depending  on  r.  Therefore,  the  algorithm  requires  0{(^{Dn)) 
overhead  and  recurs  on  K  problems  (Gj,  ,poo,<5),  where  K  is  the  total  number  of  tetra- 
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hedra  conteiined  in  Cr  (by  the  Slicing  Theorem,  K  <  JC(r)  where  J  is  a  constant 
independent  of  r),  and  i,  varies  over  ail  such  tetrahedra  (including  to).  By  the  e-net 
theory  of  [HW87]  (see  also  [Cla87]),  with  high  probability,  each  tetrahedron  meets 
at  most  °"  °^'"  triangles,  for  some  constant  a  >  0  independent  of  r.  Moreover,  with 
no  extra  overhead  we  can  verify  that  this  does  indeed  hold  for  our  sample  R;  if  not 
we  simply  discard  R  and  try  another  sample,  until  we  hit  one  which  has  the  e-net 
property.  It  easily  follows  that  the  expected  number  of  such  iterations  is  a  constant 
(depending  on  r).  Hence,  in  expected  linear  time,  the  algorithm  produces  a  sample  for 
which  \Gt,\  <  ""  °^ *" ,  for  all  i.  In  particular,  denoting  by  T{n)  the  expected  running 
time  of  the  algorithm,  we  obtain  the  following  recurrence  for  T{n): 

(  KTr-n}2EL)  +  o{aDn)),    if  n>r, 
^   '^  ~  \  0{r^),  otherwise. 

Define  7  —  limsup^j^^  ^°\J'^h^ •  Recall  that  ({n)  has  been  shown  to  be  Cl{n^a{n))  and 
0(n^/^a(n)2/^log''/^n),  so  2  <  7  <  7/3.  Hence,  for  any  6  >  0,  there  is  a  choice  of  a 
constant  6  such  that  the  term  0{({Dn))  is  bounded  above  by  hrC'^^l'^  for  all  n  (with 
b  depending  on  <5  and  r).  Thus  the  recurrence  reduces  to 

(KTr-^)^bn-'^'l\     if  rz>r, 
^  \  0{r^),  otherwise. 

which  has  a  solution  Tin)  <  Hn^  for  any  e  >  max{7  +  |,  log  A'/ log  ^-j^}  (with  // 
depending  on  r,  S  and  e).  Notice  that  the  second  quantity  can  be  made  not  to  exceed 
7  +  I  by  choosing  a  sufficiently  large  r,  as  K  <  JC{r).  Choosing  such  an  r  for  the 
given  input  value  of  S,  we  obtain  T{n)  =  0(n''+*),  with  the  constant  depending  on  6. 
In  particular,  we  have  shown: 

Theorem  5.5.1  Given  a  fixed  6  >  0,  a  single  cell  in  an  arrangement  of  n  triangles 
in  R^  can  be  computed  in  randomized  expected  time  Csrf*'^,  with  the  constant  0$ 
depending  on  S,  where  7  =  limsup^^^  °u>gk    ^  [^i^/S]. 


144 


Corollary  5.5.2  A  single  cell  in  an  arrangement  of  n  triangles  can  be  computed  in 
randomized  expected  time  0{n'^'^'^^),  for  any  6  >  0,  with  the  constant  of  proportion- 
ality depending  on  6. 

Remark:  Note  that  the  expectation  in  the  time  bound  of  our  algorithm  is  over 
the  rcindom  selection  of  the  sample  R,  and  not  over  any  distribution  of  the  input. 
Our  algorithms  thus  have  the  same  asymptotic  expected  complexity  for  any  general 
arrangement  of  n  triangles.  Notice  that,  should  the  conjecture  posed  in  the  intro- 
duction be  demonstrated  to  hold,  the  above  theorem  would  immediately  provide  an 
0{n^'^^)  expected  time  algorithm  for  computing  any  single  cell  of  the  arrangement. 

We  also  note  that  the  polygons  passed  to  recursive  invocations  of  the  algorithm 
will  not  in  general  be  triangles.  However,  it  is  easy  to  see  that,  independently  of  the 
level  of  recursion  on  which  such  a  polygon  is  created,  it  can  be  represented  as  the 
intersection  of  an  original  triangle  with  a  single  tetrahedron.  Hence  such  a  polygon 
can  have  no  more  than  7  sides,  and  the  presence  of  non-triangles  can  be  compensated 
for  by  using  C{5n)  instead  of  ({n)  in  our  argument  (as  any  convex  polygon  with  up 
to  7  sides  can  be  cut  into  at  most  5  triangles),  and  by  replacing  the  constant  a  by  5a. 
Remark:  Several  recent  techniques  (due  to  Clarkson  [Cla87],  Chazelle  and  Fried- 
man [CF88],  and  Matousek  [Mat88])  provide,  in  certain  special  cases,  tools  either 
for  a  deterministic  construction  of  a  triangulation  of  space  with  properties  similar 
to  those  discussed  above,  or  for  obtaining  such  a  decomposition  in  which  each  cell 
is  cut  by  only  0{j)  objects,  rather  than  O(-logr).  We  do  not  know  whether  these 
techniques  can  be  adapted  to  the  problem  at  hand,  so  as  to  make  the  above  algorithm 
deterministic  or  further  improve  its  time  complexity. 

Finally,  observe  that  the  time  complexity  analysis  of  the  above  algorithm  relies 
on  the  following  facts: 

1.  The  complexity  of  any  cell  in  arrangement  of  n  triangles  is  bounded  by  a  function 
((n)  such  that  a  cell  in  the  arrangement  formed  by  any  subset  of  r  triangles  can 
be  decomposed  into  0{(^{r))  tetrahedra. 
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2.  With  high  probability,  the  number  of  triangles  cutting  any  tetrahedron  that 
is  missed  by  the  r  sample  triangles  is  at  most  ^  log  r,  for  some  constant  a 
independent  of  r  and  n. 

3.  The  intersection  of  a  tetrahedron  with  a  triangle  is  a  convex  polygon  of  constant 
complexity. 

Thus,  in  a  situation  where  the  above  conditions  hold  (perhaps  with  a  different  function 
rp  taking  the  place  of  C),  the  algorithm  will  correctly  compute  the  desired  cells  in 
expected  time  0{rl'{n)n^),  for  any  <5  >  0.  In  particular,  we  have: 

Theorem  5.5.3  Given  a  fixed  6  >  0,  a  single  cell  in  an  arrangement  of  n  triangles 
lying  in  planes  with  a  constant  number  f  of  distinct  orientations  can  be  computed  in 
randomized  expected  time  Csjn'^'^^ ,  with  the  constant  Csj  depending  on  6  and  f . 

Theorem  5.5.4  Given  a  fixed  6  >  0,  a  single  cell  in  an  arrangement  of  n  horizontal 
triangles  and  vertical  rectangles  can  be  computed  in  randomized  expected  time  Csii^^^ , 
with  the  constant  0$  depending  on  6. 

Observe  that  Theorem  5.5.3  is  superceded  by  Theorem  5.5.6  of  Section  5.5.3  which, 
for  a  constant  /,  provides  a  faster  and  more  general  deterministic  algorithm  for  com- 
puting portions  of  such  arrangements. 

5.5.2      Calculating  Many  Cells 

An  attempt  to  extend  the  algorithm  of  Section  5.5.1  to  calculate  an  arbitrary  collec- 
tion of  cells  of  cin  arrangement  of  triangles  (e.g.  all  interesting  cells)  faces  the  following 
technical  problem:  our  algorithm  takes  advantage  of  the  fact  that  the  desired  single 
cell  is  contained  in  a  single  cell  of  the  arrangement  A{R)  of  the  random  sample  of 
triangles.  This  implies  that  the  number  of  tetrahedra  that  require  further  processing 
is  only  0(r'^/^Q;(r)^/^log''''^r)  (in  fact,  0(C(r))),  which  leads  to  a  recurrence  with  a 
favorable  time  complexity.    In  contraist,  when  calculating  many  cells,  there  is  no  a 
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priori  sharp  bound  on  the  overall  complexity  of  the  cells  of  A{R)  which  contain  the 
desired  cells  of  A{G) — in  the  worst  case  all  cells  of  A{R)  could  be  involved — so  that  no 
comparable  recurrence  relation  can  be  obtained.  Hence,  although  our  algorithm  can 
be  easily  adapted  to  calculate  a  collection  of  cells,  we  do  not  have  sharp  worst-case 
bounds  on  its  expected  running  time  in  this  case. 

Instead,  we  use  the  following  alternative  approach.  Edelsbrunner  et  al.  [EGH*88] 
recently  described  a  randomized  procedure  which,  given  a  planar  arrangement  Q  oin 
segments,  preprocesses  it  in  expected  time  0{tv'I^  log^^^  n)  and  space  0{n'^/^a{n)  log  n) 
so  that,  given  any  query  point  x,  one  can  calculate  the  face  of  Q  containing  x  in  time 
0(n'/'' log^^'^n  -f  A:),  where  k  is  the  complexity  of  that  face.  Using  this  procedure,  a 
subset  of  the  cells  of  A{G)  can  be  computed  as  follows. 

Consider  first  the  task  of  calculating  all  interesting  cells.  We  begin  by  obtaining 
a  point  on  each  exposed  segment  (in  overall  0{'n?)  time).  Consider  each  of  these 
points  y  in  turn,  and  let  A  be  a  triangle  containing  y.  The  algorithm  proceeds  to 
trace  dC,  where  C  is  the  cell  containing  y,  as  follows.  It  first  obtains  the  face  / 
containing  y  in  the  arrangement  induced  in  A  by  intersections  with  the  remaining 
triangles,  using  the  procedure  of  [EGH*88],  and  then  moves  to  adjacent  faces  of  dC, 
which  share  an  edge  with  /  and  lie  in  other  triangles,  obtains  each  of  them,  and 
repeats  this  procedure  until  the  entire  boundary  component  is  traced  this  way.  One 
then  needs  to  "hop"  from  one  boundary  component  of  C  to  another.  This  is  done  by 
"linking"  triangles  in  the  following  fashion:  In  the  preprocessing  stage,  for  each  of  the 
3n  triangle  corners,  one  computes  (by  brute  force)  the  triangle  that  lies  directly  below 
it  (if  any)  and  the  point  of  intersection  of  this  triangle  with  a  vertical  line  through 
the  corner.  Given  such  a  point  z  lying  directly  below  a  corner  c,  one  proceeds  (again, 
by  brute  force)  to  the  boundary  of  the  face  containing  z  (in  the  induced  planar 
arrangement)  and  then  follows  the  boundary  until  the  first  vertex  c'  of  that  face  is 
encountered;  then  c'  is  linked  to  c  and  vice  versa.  Corners  that  have  no  triangle  below 
them  are  linked  to  the  "vertex  at  infinity".  The  desired  "boundary-hopping"  is  then 
accomplished  by  examining  all  vertices  in  the  computed  boundary  component  and 
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following  the  links  from  any  of  them  to  vertices  that  have  not  yet  been  encountered, 
which  then  serve  as  starting  points  y  in  new  boundary  components.  Consider  an 
interior  boundary  component  K  of  a,  bounded  cell.  Since  the  lowest  vertex  of  K  is 
a  triangle  corner,  it  is  easy  to  verify  that  some  link  connects  K  to  either  the  outer 
boundary  component  or  to  an  interior  component  whose  lowest  point  is  below  that 
of  K.  This  immediately  implies  that  all  interior  components  are  (possibly  indirectly) 
linked  to  the  outer  component.  This,  in  particular,  allows  one  to  pass  from  one 
boundary  component  of  a  cell  to  another  until  all  have  been  traced.  The  argument 
in  the  case  of  the  unbounded  cell  is  similar,  with  the  "vertex  at  infinity"  playing  the 
role  of  the  outer  component  of  the  boundary.  It  is  easy  to  verify  that  linear  time  is 
sufficient  to  compute  each  of  the  links  by  brute  force,  thus  only  quadratic  additional 
time  suffices  to  guarantee  that  no  component  of  the  desired  boundary  will  be  left 
unvisited. 

Consider  next  the  general  case  where  we  want  to  calculate  an  arbitrary  collection 
of  cells,  each  specified  by  a  point  x  in  its  interior.  For  each  such  cell  C,  we  first 
identify  some  point  y  on  its  boundary  dC.  This  can  be  done  in  linear  time  per  cell  by 
choosing  y  to  be  the  first  point  of  intersection  of  the  downwaxd-directed  vertical  ray 
emanating  from  x  with  any  triangle;  if  there  is  no  such  point,  let  y  be  the  "vertex  at 
infinity" — C  in  this  case  is  the  unbounded  cell  and  the  algorithm  will  then  start  at  the 
vertex  at  infinity  and  follow  all  precomputed  links  from  it  to  boundary  components 
of  C  (as  in  the  discussion  just  presented). 

If  the  number  m  of  points  marking  cells  is  very  large,  this  linear  overhead  per 
marker  x  may  be  too  expensive.  In  this  case  we  can  locate  the  desired  points  y  as 
follows.  Extend  each  triangle  into  a  full  plane,  and  apply  the  (randomized)  algorithm 
of  [EGS88a]  which  calculates  the  plane  lying  immediately  below  each  of  these  m  points 
in  expected  time  0(m^/''"'^n^/''''"^*  log^  n)  for  any  8  >  0.  We  thus  obtain  m  points  y. 
each  lying  below  a  corresponding  given  point  x  on  one  of  the  n  planes  containing  tho 
triangles.  Using  the  precomputed  data  structures  of  [EGH*88]  for  feist  face  queries, 
we  compute,  for  each  y,  a  point  on  the  boundary  of  the  face  /  containing  y  in  the 
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arrangement  induced  in  the  plane  of  the  corresponding  tricingle,  thereby  obtaining 
a  point  on  the  boundary  of  the  cell  containing  y  (and,  therefore,  x).  This  requires 
0(n^/^  log^^'^^n)  expected  time  per  query. 

Having  obtained  in  this  manner  an  "anchor  vertex"  on  the  boundary  of  each  of 
the  desired  cells,  we  can  then  continue  a^s  in  the  case  of  all  interesting  cells  described 
above.  We  omit  further  details  concerning  this  extension.  Thus  we  obtain 

Theorem  5.5.5  Any  collection  of  cells  of  A{G),  defined  by  specifying  a  set  of  m 
points  marking  the  desired  cells,  can  be  computed  in  expected  time 

0{m^l'-'n^"^'''  log'  n  +  (M  +  m)n"^  \og'"''  n  +  n^'^  log^/'  n) 

and  0[m^/*~^v?l^'^^^  +  M  +  n''^''^Q;(n)  logn)  working  storage,  for  any  8  >  0  (with  the 
constant  of  proportionality  depending  on  8),  where  M  is  the  total  complexity  of  the 
desired  cells.  If  the  number  m  of  marking  points  is  small,  a  more  straight  forward 
approach  will  compute  the  marked  cells  in  expected  time 

0{mn  +  Mn^'^  log''/'  n  +  n^'^  log'/'  n) 

using  0{M  +  n^/"'Q(n)  logn)  space.  A  somewhat  simpler  algorithm  computes  all  in- 
teresting cells  of  A{G)  in  expected  time 

0(n«/^a(n)'/^  log^'/^n) 

and  space  0(n^/^Q(n)  log  n). 

Remark:  Notice  that  the  amount  of  work  required  for  computing  an  arbitrary 
subset  of  cells  is  largely  dominated  by  the  preprocessing  time,  which  in  turn  requires 
nearly  as  much  time  as  that  for  computing  all  interesting  cells.  Therefore,  it  may  be 
assumed  that  all  interesting  cells  are  to  be  calculated  anyway  and  one  is  facing  the 
problem  of  computing  some  additional  dull  (i.e.,  convex)  cells  of  an  arrangement  of 
triangles,  where  each  cell  is  specified  by  a  point  in  it. 
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5.5.3      A   Deterministic  Algorithm   for   Arrangements   with 
Few  Orientations 

In  this  Section  we  sketch  an  efficient  0{{m  +  M  +  n^)/logn)-time  deterministic 
algorithm  for  computing  a  subset  of  m  cells  in  an  arrangement  of  n  convex  plates 
lying  in  planes  with  only  /  distinct  orientations,  where  M  is  the  total  complexity 
of  the  cells  being  computed.  For  simplicity  of  presentation  we  will  assume  that  the 
plates  are  in  fact  triangles  and  that  no  more  than  three  triangles  meet  at  a  common 
point,  but  a  more  general  situation  can  be  handled  just  as  easily.  Each  desired  cell 
C  is  identified  by  a  point  x  G  C.  Given  x,  the  algorithm  locates  a  vertex  Vo  on 
dC,  using  a  technique  similar  to  that  in  Section  5.5.2,  but  admitting  a  much  simpler 
implementation.  Specifically,  the  plane  defined  by  a  triangle  and  lying  immediately 
below  X  can  be  determined  in  0(/logn)  time  by  performing  /  binary  searches,  one  in 
each  collection  of  parallel  planes.  Once  the  point  y  lying  in  such  a  plane  immediately 
below  X  is  located,  a  point  on  dC  is  easily  obtained  by  one  0(/logn)-time  ray- 
shooting  query  (described  below)  in  that  plane,  and  a  vertex  on  dC  can  be  obtained 
after  two  more  queries  of  this  kind).  Then  it  traces  out  all  edges  and  vertices  of 
dC  by  starting  at  Vo  and  repeatedly  "shooting"  along  an  edge  of  dC  incident  to  the 
"current"  vertex  v  and  thus  discovering  a  new  vertex  w  of  dC.  This  gives  us  two  new 
edges  incident  to  w  and  we  shoot  along  them  to  discover  further  vertices. 

Two  specific  problems  arise  in  this  approach.  First,  how  can  each  "shot"  be 
performed  in  0{f  log  n)  time?  Shooting  along  exposed  segments  is  easily  implemented 
by  precomputing  the  answers  to  all  possible  queries,  while  each  ray-shooting  query 
along  a  line  of  intersection  of  two  plates  reduces  to  a  two-dimensional  ray-shooting 
in  some  arrangement  induced  in  either  plate  by  its  intersections  with  the  remaining 
plates.  By  assumption,  each  such  arrangement  A,  in  plate  A,  is  formed  by  at  most 
/  —  1  overlaid  subarrangements,  each  of  which  consists  of  a  collection  of  parallel 
segments.  Moreover,  there  are  only  /  —  1  possible  direction  for  the  shooting  ray. 
Thus,  for  each  subarrangement  and  each  shooting  direction  we  can  prepare  a  data 
structure  that  supports  O(logn)  shooting  queries  using,  for  example,  the  technique 
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of  [ST86].  It  is  easily  checked  that  this  approach  guarantees  0(/logn)  query  time 
while  the  preprocessing  can  be  accomplished  for  all  n  plates  in  0{fn^  log  n)  time  and 
0{f-n})  storage.  (This  also  takes  care  of  the  initial  step  of  moving  from  each  given 
point  X  to  a  vertex  on  the  boundary  of  the  cell  containing  it.) 

The  second  problem  that  arises  is  handling  clusters  of  edges  lying  in  dC  but  not 
connected  to  each  other.  Such  situations  can  occur  if  there  are  "islands"  in  faces  of 
5C,  or  if  dC  is  not  connected.  We  have  dealt  with  the  latter  case  in  Section  5.5.2 
by  linking  each  triangle  corner  to  (a  vertex  lying  in)  the  triangle  directly  below  it  to 
facilitate  "hopping"  from  one  component  of  dC  to  another.  The  former  situation  is 
approached  similarly  except  that  the  linking  is  performed  in  each  planar  arrangement 
A,  induced  in  the  plate  A,  by  intersections  with  the  remaining  plates.  For  each 
segment  endpoint  c  in  A^,  we  locate  the  segment  s  lying  immediately  below  c  (in  A,). 
Then  c  is  linked  to  the  vertex  of  Ai  lying  on  s  nearest  to  the  point  of  s  immediately 
below  c.  If  the  "linking"  steps  are  carried  out  using  ray-shooting,  the  total  overhead 
can  be  shown  not  to  exceed  0{fn^  logn). 

Theorem  5.5.6  Given  a  set  of  m  marking  points,  the  cells  marked  by  these  points 
in  an  arrangement  of  n  triangles  lying  in  planes  with  f  distinct  orientations  can  be 
computed  in  deterministic  time  0((m+M-fn^)/logn)  andO{M-\-fn'^)  storage,  where 
M  is  the  total  complexity  of  the  marked  cells.  In  particular,  if  no  two  markers  lie  in 
the  same  cell,  the  time  complexity  of  the  algorithm  reduces  to  0{{M  +  n^)/logn). 

5.6     Discussion  and  Open  Problems 

The  preceding  analysis  leaves  one  major  open  problem,  namely  the  settling  of  our 
conjecture  that  (^{n)  =  Q{n'^a{n)).  In  addition,  we  note  the  following  extensions  and 
applications  of  our  results: 

(1)  As  already  mentioned,  the  analysis  of  Section  5.2  easily  extends  to  yield  a  similar 
upper  bound  for  the  complexity  of  all  non-convex  cells  in  an  arrangement  of  n  arbi- 
trary convex  (flat)  plates  in  3-space  (with  an  additive  correction  term  that  accounts 
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for  the  complexity  of  the  plate  boundaries).  We  omit  the  straightforward  details  of 
this  extension. 

(2)  We  believe  that  our  results  can  be  generalized  to  higher  dimensions;  specifically 
we  conjecture  that  the  maximum  number  of  facets  (highest-dimensional  faces)  of  all 
non-convex  cells  in  an  arrangement  of  n  (f-simplices  in  {d  +  l)-dimensional  space  is 
close  to  0{n'^'^^^^).  (Note  that  the  lower  bound  construction  can  be  generalized  to  any 
number  of  dimensions,  yielding  a  lower  bound  of  Q.{n'^^^^^)  for  this  complexity.)  The 
technique  used  in  [EGS88a]  to  obtain  such  an  extension  for  the  ccise  of  hyperplanes 
may  be  useful  for  proving  this  conjecture. 

(3)  The  technique  we  used  to  prove  the  Combination  Lemma  can  be  adapted  to 
yield  simpler  proofs  for  other  combination  lemmas,  such  as  those  given  in  [EGS88b, 
EGSSSa].  Appendix  B  exemplifies  this  claim  by  providing  a  simple  proof  for  a  variant 
of  the  two-dimensional  combination  lemma  of  [EGS88b]  for  faces  in  arrangements  of 
segments. 

(4)  Expanding  upon  our  motion-planning  application,  we  note  that  our  analysis  shows 
that  the  accessible  portion  C  of  the  configuration  space  FP  of  a  general,  not  nec- 
essarily convex,  polyhedron  B  with  A'  faces  translating  amidst  polyhedral  obstacles 
having  n  faces  altogether,  has 

combinatorial  complexity,  and  that  it  can  be  calculated  in  expected  time  0{{Knyi'^'^^) 
(more  precisely,  in  time  0{C,{Kn){KnY )) ,  for  any  ^  >  0.  However,  to  actually  plan 
a  motion  between  two  given  placements  zj,  Z2  of  5,  it  may  not  even  be  necessary  to 
calculate  the  entire  component  C  of  F P  containing  these  placements.  In  this  regard 
we  claim  that  if  B  can  translate  from  zj  to  Z2,  then  it  can  always  do  so  along  a 
polygonal  path  having  only  0{{KnY)  turns,  and  that  in  the  worst  case  (at  least  for 
a  constant  K)  that  many  turns  are  necessary.  The  claim  immediately  follows  from 
the  fact  that  C  can  be  cut  into  0{{Kn)^)  convex  polyhedra.  as  shown  in  Section  5.3 
(Corollary  5.3.2  to  the  Slicing  Theorem).  An  example  where  €1{Kti})  turns  are  neces- 
sary (for  some  non-convex  B)  is  not  difficult  to  construct.  However,  we  do  not  know 
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how  to  calculate  such  a  path  efficiently,  without  obtaining  first  the  entire  component 
C .  Further  extensions  and  applications  of  the  combinatorial  results  obtained  above 
to  motion  planning  problems  are  discussed  in  a  forthcoming  paper  [AS]. 

(5)  An  interesting  by-product  of  the  Slicing  Theorem  and  the  preceding  remark  is  that 
the  techniques  of  [SS88]  for  coordinated  motion  planning  for  two  independent  robots 
can  be  applied  to  obtain  an  0(n^'*/"^)  (actually,  0{C,{nY))  algorithm  for  coordinating 
the  motions  of  two  independent  translating  polyhedra,  each  having  0(1)  complexity, 
amidst  stationary  polyhedral  obstacles  with  a  total  of  n  faces.  See  [SS88]  for  more 
details. 

(6)  Let  us  conclude  by  considering  again  the  Conjecture  posed  in  the  introduction. 
Theorem  5.2.3  suggests  a  generalized  version  of  the  conjecture  which  states  that  the 
complexity  of  any  m  cells  of  A{G)  is 

0{rn^l^t^'^a{pfl^  \og^'^  p  log  n  +  n  +  p  log  p  log  n) . 

where  p  (resp.  i)  is  the  number  of  pairs  (resp.  triples)  of  intersecting  triangles  in 
G.  In  particular,  putting  m  =  1,  p  =  0{ti?),  and  t  =  0{n^)  in  this  conjectured 
bound  would  yield  C(n)  =  O(n^log^n).  Does  this  bound  on  ((n)  (slightly  weaker 
than  originally  conjectured)  hold? 

Appendices 

5. A     Topology  of  Arrangements  of  Triangles 

In  this  Appendix  we  derive  several  basic  properties  of  the  topological  structure  of 
an  arrangement  of  n  triangles  in  R^.  We  begin  with  the  analysis  of  the  number  of 
cutting-but-not-splitting  faces,  required  in  the  proof  of  the  Combination  Lemma  and 
proceed  to  justify  our  practice  of  bounding  the  complexity  of  a  cell  by  the  number 
of  its  faces.  Our  arguments  make  use  of  the  "puffy"  model  of  the  arrangement, 
mentioned  in  Section  5.2,  and  further  discussed  below. 
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5.A.1      The  Genus  of  Cell  Boundaries 

In  this  Section  we  will  analyze  the  topological  structure  of  the  union  of  a  family  of 
triangles  in  R^  in  order  to  bound  the  number  of  "cutting-but-not-splitting"  faces  in 
the  proof  of  the  Combination  Lemma. 

For  the  following  analysis,  it  will  be  useful  to  regard  the  boundary  of  a  cell  in 
an  arrangement  of  triangles  in  R"'  as  a  compact  orientable  two-manifold.  To  this 
end,  we  replace  each  triangle  A  in  the  arrangement  by  a  "puffy  triangle"  A'  which 
is  a  thin  nearly  flat  body  bounded  by  two  surfaces,  one  on  each  side  of  A,  slightly 
deformed  away  from  one  another.  A*  hais  the  same  edges  and  vertices  as  A,  and 
is  sufficiently  thin  so  that  the  combinatorial  pattern  of  intersections  of  the  puffy 
triangles  is  identical  to  that  of  the  original  arrangement  (such  choice  of  thicknesses  is 
always  possible  under  the  general  position  assumption).  Cells  in  the  new  arrangement 
are  connected  components  of  the  conunon  exterior  (i.e.,  complement  of  the  union)  of 
all  puffy  bodies.  However,  it  is  Ccisy  to  check  that  now  cell  boundaries  are  compact 
orientable  two-manifolds  (without  boundary).  Note  that  in  this  puffy  model,  every 
original  face  occurs  in  the  new  arrangement  exactly  twice,  each  (pairwise  intersection) 
edge — four  times,  each  (triple-intersection)  vertex — eight  times,  and  each  vertex  that 
is  the  intersection  of  an  exposed  edge  with  another  triangle — twice.  Triangle  corners 
and  exposed  segments  are  not  duplicated. 

Let  us  recall  some  facts  from  elementary  algebraic  topology  (see  [GP74]  for  refer- 
ence). For  a  cell  complex  X,  let  x(-^)  be  its  Euler  characteristic.  It  has  the  property 
that,  for  any  two  cell  complexes  X  and  Y 

X{X  U  y)  =  xiX)  +  xiY)  -  X{X  n  Y)  (5.5) 

(where  X  fl  V  is  a  sub-complex  of  X  and  Y).  We  will  require  the  following  standard 
facts:  x{S')  =  0,  x{S'  x  /)  =  0,  x{S^)  =  2,  x(^^)  =  1,  where  /  =  [0,1]  is  the  unit 
interval,  5^— a  circle,  S^ — a  sphere,  D^ — a  closed  disk,  and  S^  x  I — a  cylinder  (more 
precisely,  the  surface  of  a  bounded  cylinder  without  the  "lids").  In  particular,  notice 
that  Euler  characteristic  is  additive  when  X  and  Y  are  disjoint  or  intersect  along  a  set 
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of  disjoiilt  circles  and  and/or  cylinders.  Also  recall  that  the  Euler  characteristic  of  a 
compact  connected  orientable  two-manifold  (without  boundary)  is  equal  to  2(1  —  g), 
where  g  is  its  genus. 

We  now  return  to  arrangements  of  triangles.  Consider  a  triangle  A  cutting  an 
arrangement  A  =  A{G)  of  n  other  triangles.  The  intersection  of  A  with  A  is  a  planar 
arrangement  Q  =  Q{A)  of  (at  most)  n  segments  all  contained  within  A.  Keeping  in 
mind  the  "puffy"  model  of  the  arrangement,  observe  that  each  face  f  oiQ  corresponds 
to  two  faces  in  the  arrangement  A'  =  A{G  U  {A}),  and  that  the  introduction  of  this 
pair  of  faces  changes  some  cell  C  oi  A  (either  by  splitting  it  into  two  subcells,  or  by 
just  modifying  its  boundary  dC).  Our  goal  is  to  measure  the  effect  of  adding  /  on 
the  genus  of  dC.  For  the  remainder  of  this  discussion,  we  will  assume  that  A  does 
intersect  some  triangle  of  G,  for  otherwise  it  simply  adds  an  extra  component  (of 
genus  0)  to  dC  without  changing  the  rest  of  dC.  Let  us  denote  by  g  (respectively,  g') 
the  genus  summed  over  all  connected  components  of  dC  (respectively,  dC,  where  C 
is  the  one  or  two  cells  produced  by  cutting  C  with  /),  and  by  c  (respectively,  c')  the 
number  of  such  connected  components.  As  we  will  only  be  interested  in  the  differences 
6c  =  c'  —  c  and  Sg  =  g'  —  g,  we  may  assume  that  the  quantities  g,  c,  g',  and  c'  refer 
only  to  the  components  of  dC  and  dC  met  by  /.  Also  notice  that,  modulo  the  above 
assumption,  the  Euler  characteristic  of  dC  can  be  computed  as  x(^C')  =  2(c  —  g) 
(simply  by  summing  x  over  all  components  of  dC).  component  of  dC  separately  and 
observing  that  the  Euler  characteristic  is  additive  here  as  the  components  are  disjoint 
by  definition).  A  similar  identity  holds  for  xi^C)-  Two  cases  are  possible:  either 

(i)  /  touches  the  relative  boundary  dA  of  A,  in  which  case  the  introduction  of  / 
cannot  split  C  into  two  subcells,  or 

(ii)  /  lies  within  the  relative  interior  of  A,  in  which  case  C  may  or  may  not  be  split 
by  /  into  two  disjoint  cells. 

Recall  that  the  boundary  of  /  consists  of  a  single  outer  component  and  zero  or  more 
islands,  all  enclosed  by  the  outer  boundary  and  enclosing  mutually  disjoint  regions 


155 

(that  lie  outside  of  /). 

We  will  consider  case  (i)  first.  Let  the  outer  boundary  of  /  be  denoted  doutf- 
Suppose  that  /  has  i  >  0  islands  and  that  doutf  —  dA  consists  of  6  >  0  connected 
components.  Since  we  have  assumed  that  A  intersects  some  triangles  of  G,  at  leeist 
one  of  i,  b  is  not  zero.  In  the  puffy  model,  /  can  be  identified  with  a  sphere  with 
2i  +  b  open  discs  deleted  (two  discs  are  deleted  for  each  island — one  on  either  side 
of  / — and  one  disk  for  every  connected  component  of  doutf  —  dA).  Using  (5.5),  we 
obtain 

X(/)  =  xiS')  -  (2z  +  b)x{D')  +  (2^-  +  b)x{S')  =  2  -  (2t  +  6). 

Now  observe  that  the  boundary  dC  of  the  new  cell  C  can  be  obtained  by  removing 
b  disks  (one  for  each  contact  of  doutf  with  dC)  and  i  cylinders  (one  for  each  island  of 
/)  from  dC  and  "gluing"  the  remaining  portion  to  /  along  the  2i  +  b  "seam"  circles. 
The  Euler  characteristic  of  dC  with  b  disks  and  i  cylinders  removed  is  eaisily  seen  to 
be 

x{dC)  -  ixiS'  X  7)  -  bx{D')  +  {2i  +  b)xiS')  =  x{dC)  -  b. 

Applying  (5.5)  once  again,  we  obtain  the  Euler  characteristic  of  dC: 

XidC)  =  ixidC)  -b)  +  xif)  -  (2z  +  b)x{S')  =  x{dC)  +  2(1-1-  b). 

Recalling  the  relation  between  the  genus  and  the  Euler  characteristic  of  a  compact 
orientable  two-manifold,  we  conclude  2(c'  —  g')  =  2(c  —  g)  +  2(1  —  i  —  6),  or  6g  = 
6c  +  i  +  b  —  I.  Since  c'  (the  number  of  components  of  dC  met  by  /)  is  1  and 
1  <  c  <  z ■  +  6,  it  follows  that  l-i-b<6c<0  and  thus  0  <  6g  <i  +  b-  I. 

Let  us  now  consider  the  case  (ii)  where  /  is  an  internal  face  of  A  with  i  islands, 
so. that  /  has  two  sides  that  are  not  directly  connected  to  each  other.  More  precisely, 
each  side  of  /  is  a  topological  disk  with  i  open  disks  removed,  so 

X(/)  =  2[x{D')  -  zxiD')]  =  2(1  -  i). 

Once  again,  to  obtain  the  boundary  dC  of  the  new  cell(s)  we  have  to  delete  i  +  1 
cylinders  from  dC  (one  for  each  component  of  the  boundary  of  /)  and  glue  it  to  / 
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along  the  2(z  +  1)  "seam"  circles.  The  Euler  characteristic  of  dC  with  i  +  1  cylinders 
removed  is  x{^C).  "Gluing"  it  to  /  along  the  2(i  +  1)  circles,  we  obtain 

x{dC')  =  x{dC)  +  xif)  =  x{dC)  +  2(1  -  t). 

Recalling  the  expression  for  the  Euler  characteristic  of  the  components  of  dC  and 
dC  met  by  /,  we  obtain  2(c'  -  g')  =  2(c  -  g)  +  2(1  -  i),  so  that  6g  =  8c  +  t  -  1. 
Here  again,  c'  is  either  2  or  1  depending  on  whether  /  splits  C  into  two  cells  or  not. 
(Clearly,  if  C  is  split  in  two,  c'  =  2.  Otherwise,  consider  the  connected  component 
K  of  dC  containing  one  side  of  /.  If  it  includes  the  opposite  side  of  /,  c'  =  1,  as 
asserted.  If  it  does  not,  observe  that  K  is  a,  compact  connected  oriented  two-manifold 
(without  boundary);  thus  its  removal  disconnects  R^  into  an  interior  and  an  exterior 
components  (see,  for  example,  [Moi77,  Chap.  26]).  As  K  does  not  include  the  other 
side  of  /,  two  points  lying  sufficiently  close  to  each  other  on  opposite  sides  of  /  are 
separated  hy  K  C  dC' ,  making  it  impossible  for  both  of  them  to  lie  in  the  same  cell, 
and  thus  contradicting  the  assumption  that  C  was  not  split  in  two.)  On  the  other 
hand,  c  can  be  as  high  as  i  -f  1  or  as  low  as  1  (/  has  one  outer  boundary  and  i  islands; 
the  extreme  cases  correspond  to  all  of  them  lying  in  different  components  of  dC  or 
all  lying  in  the  same  component).  Hence  —i  <  Sc  <  1  and  —l^Sg<  i.  Moreover,  if 
/  does  not  split  C  into  two  cells,  c'  =  1  and  the  above  relation  becomes  6g  =  i  —  c. 
In  particular,  we  have  shown  that  each  cutting-but-not-splitting  internal  face  /  must 
be  of  one  of  the  following  two  types: 

(1)  i  =  0  and  8g  =  —1,  or 

(2)  i  >  0. 

To  summarize  the  cases:  introduction  of  a  face  /  (in  (5(A))  either  reduces  the 
total  genus  by  one  or  increases  it  by  (at  most)  the  number  of  its  islands  (if  /  is  a 
boundary  face  of  (5(A),  it  may  also  cause  an  additional  increase  in  the  total  genus  by 
as  much  as  the  number  of  components  of  douif  —  5 A  less  1).  However,  the  number 
of  islands  over  all  faces  of  (5(A)  is  easily  seen  to  be  bounded  by  the  total  number  p^ 
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of  segments  in  Q{A)  (since  a  segnnent  cannot  appear  in  two  islands)  and  the  number 
of  components  of  doutf  —  dA  over  all  faces  /  in  Q{A)  is  bounded  by  2p^.  Hence: 

Theorem  5.A.1  The  change  in  the  total  genus  of  all  cell  boundaries  in  an  arrange- 
ment A  of  triangles,  caused  by  adding  a  triangle  A  to  A,  is  between  3p^  and  —k, 
where  k  is  the  number  of  internal  faces  ofQ{A),  having  no  islands,  whose  introduc- 
tion does  not  split  a  cell  of  A  into  two  subcells,  and  p^  is  the  number  of  segments  in 
Q(A). 

Thus,  summing  these  changes  in  an  incremental  construction  of  A{G),  as  in  the 
proof  of  the  Combination  Lemma  in  Section  5.2,  we  obtain: 

Proposition  5.  A. 2  In  an  incremental  construction  of  an  arrangement  of  triangles, 
as  carried  out  in  the  proof  of  the  Combination  Lemma,  the  total  number  of  faces  that 
cut  cells  without  splitting  them  is  at  most  0{p),  where  p  is  the  number  of  pairs  of 
triangles  that  have  non-empty  intersection. 

Proof:  We  will  count  the  number  of  such  faces  in  a  construction  that  starts  with 
no  triangles  and  proceeds  to  add  first  all  red  and  then  all  blue  triangles,  one  at  a 
time.  This  clearly  provides  an  overestimate  on  the  desired  quantity.  The  total  genus 
of  the  boundaries  of  all  cells  is  always  non-negative  and  the  genus  of  an  empty  set 
(the  boundary  of  R"' — the  only  cell  in  an  arrangement  of  no  triangles)  is  zero.  It  is 
decreased  by  one  by  the  introduction  of  each  type  (1)  internal  face.  On  the  other 
hand,  the  previous  theorem  implies  that  the  overall  increase  in  the  total  genus  is 
proportional  to  the  total  number  of  segments  in  all  arrangements  Q{A),  which  is  to 
say,  0{p).  Hence  the  total  number  of  faces  for  which  6g  =  —1  is  0{p).  As  islands 
cannot  be  shared  among  faces  of  Q{A),  there  are  at  most  p^  faces  of  type  (2)  in 
Q{A),  for  a  grand  total  of  0{p).  The  conclusion  follows.  n 

Theorem  5. A. 3  The  genus  summed  over  the  boundaries  of  all  cells  in  an  arrangt- 
ment  of  triangles  in  which  p  pairs  intersect  is  at  most  0{p). 

Proof:  Immediate  from  Theorem  5. A.  1.  □ 
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5. A. 2      Euler's  Relationship  for  Cell  Boundaries 

In  this  Section  we  will  justify  our  practice  of  bounding  the  complexity  of  a  cell  by  the 
number  of  its  faces.  Consider  a  single  connected  component  K  of  a.  eel'  boundary.  By 
using  the  puffy  model,  we  ensure  that  K  is  a  compact  connected  orientable  2-manifold, 
and  thus  we  can  apply  standard  topological  techniques  to  relate  the  number  of  faces, 
edges,  and  vertices  in  K  to  its  Euler  characteristic  and  genus  (see,  for  example, 
[GP74]).  Since  faces  of  K  are  not  necessarily  simply  connected,  we  must  account 
for  this  as  well.  Let  vk,  gk,  Ik  be  the  number  of  vertices,  edges,  and  faces  of  A', 
respectively.  If  all  faces  of  K  were  simply  connected,  the  definition  of  the  Euler 
characteristic  x(-^)  of  ^^  would  yield 

VK  -  ^K  +  Ik  =  x{K)- 

Consider  a  non-simply  connected  face — its  boundary  consists  of  a  single  outer  com- 
ponent and  zero  or  more  islands.  Notice  that  introduction  of  i  cuts  transforms  an 
t-island  face  into  a  simply-connected  one,  where  a  cut  is  a  simple  arc  connecting  a 
vertex  of  an  island  to  a  vertex  of  the  outer  boundary  of  the  face.  Thus  all  non-simply- 
connected  faces  of  K  can  be  eliminated  by  increasing  the  number  of  edges  in  K  by 
the  total  number  i^  of  "islands"  on  the  faces  of  K.  Hence 


VK 


-  (ex  +  Ik)  +  Ik  =  x(A')   or  vk  +  Ik  =  x{K)  +  ^k  +  iK.  (5.6) 


Notice  that  all  vertices  of  K  besides  triangle  corners  have  degree  three  or  more,  while 
triangle  corners  have  degree  two.  Denoting  the  number  of  such  corners  on  K  by  ck 
and  summing  the  degree  over  all  vertices,  we  obtain 

2cK  +  3{vK-CK)<2eK    or  3vk  <  2eK  +  ck-  (5.7) 

Conditions  (5.6)  and  (5.7)  together  imply 

tK  <  CK  +  3/a-  -  3x(i^)    and  vk  <  ck  +  2/a'  -  2x{K). 
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Recall  that  the  Euler  characteristic  of  a  compact  connected  orientable  manifold  is 
2(1  —  qk),  where  gj^  is  the  genus  of  K,  yielding 

ca'  <  ca'  +  3/a'  +  6gK, 

and  a  similar  bound  for  vj^.  Summing  these  inequalities  over  all  connected  compo- 
nents K  of  dC  (with  C  being  a  fixed  cell  or  any  collection  of  cells),  we  obtain 

eac  <  cac  +  3/ac  +  ^9dc  =  0{fdc  +  n  +  p) 

and 

VdC  <  Cdc  +  2fac  +  Agac  =  0{fdc  +  n-\-p), 

where  gac  and  cac  refer  to  the  total  genus  of  all  components  of  dC  (in  the  sense 
of  the  Icist  Section)  and  the  total  number  of  triangle  corners  on  these  components, 
respectively.  The  last  equality  follows  from  Theorem  5. A. 3  and  the  observation  that 
there  are  3n  triangle  corners  in  the  whole  arrangement.  Thus  we  have  shown: 

Theorem  5. A. 4  The  total  combinatorial  complexity  of  a  collection  of  cells  in  an 
arrangement  of  n  triangles  in  space  is  0{F  +  p  -\-  n),  where  F  is  the  total  number 
of  faces  in  the  boundaries  of  these  cells  and  p  is  the  number  of  intersecting  pairs  of 
triangles. 

5.B      Other  Combination  Lemmas — An  Example 

In  this  Appendix  we  demonstrate  the  strength  of  the  technique  that  we  used  in  proving 
the  Combination  Lemma  (Lemma  5.2.1 )  by  employing  it  to  obtain  a  simple  proof  of  a 
variant  of  the  combination  lemma  of  [EGS88b]  for  faces  in  arrangements  of  segments 
in  R2. 

Lemma  5.B.1  Consider  two  arrangements  of  segments,  red  and  blue,  with  a  total 
of  n  segments.    Assume  that  no  two  segments  intersect  in  more  than  a  point.    Let 
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B  =  {Bi,...,5j}  (resp.  TZ  =  {Ri,...,Rt})  be  a  family  of  faces  in  the  red  (resp.  blue) 
arrangement.  Let  P  be  a  set  of  k  points  {pi,  ...,pk},  such  that  each  point  p,  lies  in 
B,^  n  Rt,  for  som,e  unique  5,  and  ti.  For  each  i  =  !,...,/:,  let  Ei  denote  the  face  of 
the  combined  arrangement  (i.e.,  the  connected  component  of  B,^  ^  ^t,)  containing  p^. 
Then  the  complexity  of  the  "purple"  family  {£',}  is  at  most  ^  +  p  +  0{k  +  n),  where  0, 
p  are  the  complexities  ofB,  TZ,  respectively,  and  the  complexity  of  a  face  containing 
two  or  more  points  of  P  is  still  counted  only  once. 

Proof:  Let  n^  and  Ub  be  the  number  of  red  and  blue  segments,  respectively.  We 
follow  the  general  approach  of  the  proof  of  Lemma  5.2.1,  but  the  analysis  here  is  con- 
siderably simpler.  That  is,  starting  with  the  red  arrangement,  we  will  incrementally 
superimpose  the  blue  segments  on  it,  thereby  trimming  and  subdividing  the  red  faces 
in  7Z  until  they  assume  their  final  "purple"  shape.  In  the  process  we  will  bound  the 
number  of  additional  red  edges  that  are  created  on  purple  boundaries.  Repeating  the 
same  process,  starting  with  the  blue  family  B  and  incrementally  transforming  it  to 
the  purple  family,  will  provide  an  estimate  on  the  number  of  additional  blue  edges 
bounding  the  ^.'s.  Together,  these  bounds  give  an  upper  bound  on  how  much  the 
complexity  of  {E,}  exceeds  p  +  (3.  , 

We  thus  begin  with  the  red  family  TZ  and  add  blue  segments,  one  by  one.  At  any 
step  during  this  process,  we  refer  to  the  polygonal  regions  of  the  current  planar  map 
containing  points  of  P  as  "currently  purple".  Consider  the  next  blue  segment  e  to  be 
added  to  the  arrangement.  We  will  refer  to  a  maximal  segment  of  the  intersection  of 
e  with  a  currently  purple  face  as  a  blue  fragment.  Clearly  the  next  currently  purple 
family  may  be  obtained  by  adding  all  blue  fragments  of  e  to  the  currently  purple 
regions  and  then  considering  the  regions  of  the  resulting  planar  map  which  contain 
points  of  P.  Consider  adding  blue  fragments  to  the  current  arrangement  one  at  a 
time.  Let  6  be  a  blue  fragment  (contained  in  some  currently  purple  face  Q)  being 
added  in  the  current  step.  By  construction,  the  relative  interior  of  b  does  not  meet 
any  currently  purple  face  boundaries.  Therefore,  b  can  be  classified  into  exactly  one 
of  the  following  five  classes: 
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(i)  b  cuts  Q  into  two  subfaces,  each  containing  points  of  P; 

(ii)  6  cuts  off  a  portion  of  Q  containing  no  point  of  P; 
(iii)  6  connects  two  components  of  dQ,  without  fully  cutting  Q; 
(iv)  6  meets  dQ  at  only  one  of  its  endpoints; 

(v)  6  is  a  full  blue  segment  lying  entirely  in  the  interior  of  Q. 

(Note  that  the  class  of  a  fragment  is  determined  at  the  time  of  insertion.)  We  now 
proceed  to  estimate  the  total  number  of  blue  fragments  in  each  cleiss  over  the  course 
of  construction  and  the  amount  of  additional  red  complexity  that  they  create.  In 
case  (v),  introduction  of  b  clearly  has  no  effect  on  the  red  complexity  of  currently 
purple  faces,  so  let  us  restrict  our  attention  to  blue  fragments  of  types  (i)-(iv).  Each 
fragment  of  type  (i)  or  (iii)  creates  at  most  two  new  red  edges  (zis  it  meets  dQ  exactly 
twice).  There  are  at  most  k  —  1  type  (i)  fragments,  as  each  such  fragment  further 
refines  the  partition  of  P  into  sets  of  points  lying  in  distinct  currently  purple  cells. 
As  each  type  (iii)  fragment  connects  two  "islands"  of  a  currently  purple  cell  and  no 
segment  (either  blue  or  red)  can  lie  in  two  islands,  type  (iii)  fragments  occur  at  most 
n  —  1  times.  In  particular,  there  are  at  most  n^  —  I  type  (iii)  fragments,  connecting 
two  points  of  red  segments  and  thus  increasing  the  red  complexity  by  2,  and  at  most 
776  fragments  of  type  (iii)  Hnking  a  point  on  a  previously  inserted  blue  segment  to 
one  on  a  red  segment,  each  increasing  the  red  complexity  by  1.  The  fragments  of 
type  (iii)  that  connect  two  points  of  previously  inserted  blue  segments  do  not  affect 
the  red  complexity.  As  for  type  (ii)  fragments,  note  that  the  endpoints  of  b  lie  on 
different  edges  of  dQ,  as  6  is  a  line  segment  and  no  two  segments  overlap.  Each  such 
edge  is  cut  by  the  endpoint  of  b  into  two  subedges,  one  of  which  lies  outside  of  the 
newly  truncated  currently  purple  cell,  and  thus  no  additional  red  edges  are  created. 
Turning  to  type  (iv)  fragments,  each  of  them  creates  at  most  two  new  red  edges  out 
of  the  edge  that  it  meets,  thereby  increasing  the  red  complexity  by  no  more  than 
one.  However,  the  endpoint  of  6  that  does  not  lie  on  dQ  must  be,  by  construction,  an 
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endpoint  of  a  blue  segment,  so  that  there  axe  at  most  2nb  type  (iv)  blue  fragments. 
Thus,  once  all  blue  segments  have  been  added,  the  overall  increase  in  the  number  of 
red  edges  in  all  purple  regions  is  at  most 

2{k  -  1)  +  2{nr  -  1)  +  Ui  +  2nb  =  2k  +  2n,  +  3nt  -  4. 

Repeating  the  analysis  for  the  increase  in  blue  complexity,  we  conclude  that  the  total 
complexity  of  all  purple  faces  is  at  most 

13  +  p  +  ik  +  5n  -  8, 
as  asserted.  '-' 
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